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Abstract 

Let {A, 1) be a finite dimensional unital associative algebra over a field K, which is also 
equipped with a coassociative counital coalgebra structure (A, s). A is called a weak bialgebm 
if the coproduct A : ^ ^ Ai^A satisfies A{ab) = A(a)A(6). We do not require A(l) = 1®! 
nor multiplicativity of the counit e : A ^ K. Instead, we propose a new set of counit axioms, 
which are modelled so as to guarantee that Rep^ becomes a monoidal category with unit 
object given by the cyclic left ^-module £ := {A ^ 1) C A, where 1 = e is the unit in 
the dual weak bialgebra A. Under these monoidality axioms £ and £ :^ (1 ^ A) become 
commuting unital subalgebras of A, which are trivial if and only if e is multiplicative. We 
also propose axioms for an antipode S : A —^ A, such that the category Rep ,4 becomes 
rigid. S is uniquely determined, provided it exists. If a monoidal weak bialgebra A has an 
antipode S, then its dual A is monoidal if and only if S* is a bialgebra anti-homomorphism, 
in which case S is also invertible. In this way we obtain a definition of weak Hopf algebras 
which in Appendix A will be shown to be equivalent to the one given independently by G. 
Bohm and K. Szlachanyi. Special examples are given by the face algebras of T. Hayashi and 
the generalised Kac algebras of T. Yamanouchi. 
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1 INTRODUCTION 



1 Introduction 

In [MS,S] G. Mack and V. Schomerus have introduced the notion of weak coproducts A : G ^ 
Q G on quasi-Hopf algebras G by allowing A to be non-unital, A(l) ^ 1^1. Examples are 
semisimple quotients of quantum groups at q = roots of unity. The underlying motivation was 
to obtain symmetry candidates Q in low dimensional quantum field theories. Technically this 
may be understood as a Tannaka-Krein like reconstruction program [Ma, Ha], starting from the 
rigid monoidal category of Doplicher-Haag-Roberts (DHR) endomorphisms on a local observable 
algebra ^A. In this way one may successfully match the quantum field theoretic fusion rules 
with non-integer ("statistical" or "categorical" or "q-") dimensions with those of Rep^. 

The price to pay in this setting is the quasi-coassociativity of the coproduct A. Thus, the 
dual ^ of ^ is not an object of the same kind. In particular G is not even an associative algebra, 
which makes it impossible to define an analogue of the DHR- field algebra J- = MxQ^ On the 
other hand, in Ocneanu's approach of recovering "quantum symmetries" from (depth 2) Jones 
inclusions [Oc,Da,Lo,Szy,EN,Ya,NW] one always expects a concept of symmetry algebras A, 
such that the dual A is of the same type (due to the two-step periodicity in any Jones tower). 

In this work I propose a new axiomatic approach to weak (Hopf) bialgebras {A, 1, A,e), which 
strictly meets this duality principle. In particular, I start from the observation that dualizing the 
property A(l) / l(g)l suggests to allow non-multiplicative counits as well, i.e. e{ab) / e{a)e{b). 
On the other hand, I don't give up coassociativity of the coproduct A, such that the dual 
(^, l,A,e) is of the same kind. For simplicity - and to make this duality strategy manifest - 
throughout I will restrict myself to finite dimensional algebras A over a field K. A generalization 
to infinite dimensional settings together with appropriate topological (like C*- or von-Neumann 
algebraic) structures should be a future goal. 

A first announcement of the present work has been given in 1994 [N2]. Subsequent discussions 
with H.-W. Wiesbrock and K.-H. Rehren have soon lead to first applications in Jones theory 
and quantum field theory [W,Re]. In 1996 G. Bohm and K. Szlachanyi [BSz,Sz] independently 
came up with very similar ideas. The main progress of the present paper in comparison with 
the BSz-approach is that here I propose so-called (co)monoidality axioms, the necessity and 
consequences of which are discussed individually and without referring to antipode structures. 
Also, the antipode axioms presented here are simpler than those of Bohm-Szlachanyi and are 
motivated by a more general analysis of rigidity structures on weak bialgebras. In this way I will 
end up with a set of axioms for weak Hopf algebras, which will be shown in Appendix A to be 
equivalent to those of [BSz,Sz]. Also, the face algebras of T. Hayashi [Ha] and the generalized 
Kac algebras of T. Yamanouchi [Ya] are special kinds of weak Hopf algebras, see Sect. 5 and 
Sect. 8, respectively. 

Meanwhile G. Bohm, K. Szlachanyi and I have exchanged and unified our ideas. Parallel 
to this work we present further common results on the theory of integrals and C*-structures 
on finite dimensional weak Hopf algebras in [BNS]. Moreover, in [NSW] we develop a theory 
of (co)actions and crossed products by weak Hopf algebras and generalize Ocneanu's ideas by 
showing that any reducible finite index and depth-2 Jones extension of von-Neumann algebras 
with finite dimensional centers is given by a crossed product with a weak Hopf algebra A. 

In future work [HN2] we will also clarify the role of our coassociative weak Hopf algebras as a 
symmetry in the quasi-coassociative quantum field theoretic scenario of [MS,S]. Another exciting 

^There is, however, a sensible definition of tfie double crossed product M xQ xQ [HNl]. 
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application will emerge from the fact [N3] that the observable algebras of a large class of physical 
quantum chain models naturally acquire a weak Hopf algebra structure. In particular, the Hopf 
spin models or lattice current algebras of [NSz,AFFS] on an open chain (of even number of 
sites) are self-dual weak Hopf algebras A and their periodic extensions by one link joining the 
endpoints are given by the (weak) quantum double 'D(A). For a first sketch see also the remarks 
following Example 3 in Appendix D. It will be challenging to identify the vacuum representation 
of these models with the GNS-representation obtained from the counit (i.e. the monoidal unit in 
Rep'D{A)) and relate their DHR-theory with the braided rigid monoidal structure of RepP(^). 
As a further interesting conjecture one may suggest similar applications in conformal quantum 
field theory, such that the quantum field theoretic fusion rules are reproduced by a weak Hopf 
algebra structure on the obsevables. 

The plan of this paper is as follows. In Section 2 we analyse the so-called monoidality axioms 
for the counit e = 1 E ^ on a weak bialgebra A, making Rep^ a monoidal category with 
nontrivial cyclic unit object ^ ^ 1 C The dual analogues are the comonoidality axioms 
studied in Section 3. In particular, we will see that the canonical left (right) action of A on 
1_4 induces nontrivial subspaces Al := 1^ ^ ^ C ^ and Ar := ^ ^ 1^ C ^, which in 
a comonoidal weak bialgebra are in fact commuting unital subalgebras of A. Considering A 
as a left (right) comodule algebra over itself we also show that A is comonoidal if and only 
if the left (right) coinvariants of A are given by A^/r, respectively. In Section 4 we describe 
the category Cmod^ of right ^-comodules and show that if A is comonoidal then Ar is the 
unit object in Cmod^. Moreover, the endomorphism algebra of this comodule is shown to be 
given by End'^ Ar = Al n Ar, acting by multiplication on Ar. For weak Hopf algebras this 
has been noticed before in [Sz]. In Section 5 we generalize an observation of [Sz] by showing 
that in bimonoidal weak bialgebras the subalgebras A^/r are separable -ftT-algebras. In Section 
6 we adapt ideas developped for quasi-Hopf algebras by Drinfel'd [Dr] to formulate a theory 
of rigidity structures on monoidal weak bialgebras. This will help to motivate our antipode 
axioms in Section 7, where we will see that in bimonoidal (i.e. monoidal and comonoidal) weak 
bialgebras an antipode S always provides a rigidity structure. Thus, in Section 8 we define a 
weak Hopf algebra to be a bimonoidal weak bialgebra with antipode S. One of our main results 
here will be that a weak bialgebra A with antipode is a weak Hopf algebra (i.e. bimonoidal) 
if and only if = and 5" is a bialgebra anti-morphism. 

In Appendix A we relate the present approach to the axioms of [BSz,Sz]. Appendix B gives 
more details on rigidity structues in the spirit of [Dr]. In particular this leads to a proof that 
on (finite dimensional!) monoidal weak bialgebras A rigidity maps S : A ^ A (i.e. "quasi- 
antipodes") are always invertible 0. In Appendix C we analyse minimal (comonoidal) weak 
bialgebras A = AlAr, which are defined to be generated by the commuting subalgebras Al and 
Ar, as well as their cominimal dual analogues A. In Appendix D we give several examples, most 
noteworthy a two-sided crossed product construction of a minimal weak bialgebra A = Al^Ar 
with a Hopf algebra Q. This example puts a weak Hopf algebra structure on the Hopf algebraic 
quantum chains considered in [NSz,AFFS], such that Al and Ar become the left and right 
"wedge algebras" , respectively, of these models. 

Note added: After finishing this paper I have been informed by L. Vainerman that presumably 
the notion of a quantum groupoid [M, V, NV] is equivalent to that of a weak Hopf algebra with 
involutive antipode. 

^based on infinite dimensional weak Hopf algebras 

^Presumably a similar proof also works for finite dimensional quasi-Hopf algebras. 
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2 MONOIDAL WEAK BIALGEBRAS 



2 Monoidal Weak Bialgebras 

Throughout all spaces are assumed finite dimensional over a fixed field K. The dual of a linear 
space V is denoted as V = Kom xiV, K) and the center of an algebra A is denoted by C{A). 

Definition 2.1 A weak bialgebra {A,l, A,e) is an associative unital algebra (^,1) together 
with a coassociative coproduct A : A ^ A iSi A and a counit e : A ^ K iov A, such that 
A{ab) = A(a)A(6), Va, 6 G A. 



As opposed to ordinary bialgebras we do not require A(l) = 101 nor its dual version e{ab) = 
£{a)e{b). Clearly, the dual ^ of ^ also is a weak bialgebra {A, 1, A, i) with structure maps 

((/>V' I a) := ((/) 8> I A(a)) 
(i I a) := e{a) 
{A{(t>) \a0b) := {(p \ ab) 
:= {(t>\l) 

where (p,^p £ A, a,b,£ A and where (• | •) denotes the dual pairing A (Si A ^ K . We denote 
elements of A by o, b, c, ... and elements of A by (f), ip, ^, ... . We also use standard Hopf algebra 
notations like A(a) = 0(i) a(2), (A (g) id){A{a)) = {id (g) A)(A(a)) = 0(i) a(2) ® ^^(s)) etc., 
where a summation symbol and summation indices are suppressed. The canonical left and right 
actions of ^ on ^ are denoted by 



o ^ := ((/)(2) I a) (2.1) 
(p^ a := ((/)(!) I a)0(2) (2.2) 

and similarly for A and A interchanged. Acting in particular on 1 G ^ and 1 G respectively, 
we obtain nontrivial linear subspaces Al/ji C A and Al/r C A given by 

Al := l^A C A , Ar := A^l C A 

Al := i^A c A , Ar := A^i c A 

Let us now consider the category Rep^ of finite dimensional unital representations Try : A — 
End V. We also use the module language by writing ■Kv{a)v = a-v, a £ A, v £ V. If ^ is a weak 
bialgebra then Rep^ is equipped with a strictly associative tensor functor Rep^ x Rep^ — > 
Rep A given on the objects by 

VxW := lvxw{V(0W) (2.3) 
T^VxW '■= (vry (g) TTvi/) o A (2.4) 

and on ^-linear morphisms by 

f X g:= {f0g)o ly^w , (2.5) 



where / G Hom^(y, F'), g G Hom^(VF, TV') and IvxW 
object in Rep^ we consider the cyclic ^-submodule £ = 



= (vry (g) ■Kw){A{l)). As a special 
Ar C A with left ^-action given 



by Eq. (2.1). Our aim is to specify additional axioms for weak bialgebras A, such that Rep^ 
becomes a monoidal category with unit object £. To this end the following notions will be useful 
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Definition 2.2 A weak bialgebra {A,l, A,e) is called 

• left-monoidal, \i £{ahc) = e{ah{i))e{h{2)c)-, Va, 6, c € ^ (2-6) 

• right-monoidal, if e{abc) = e{ab(^2))^{b{i)c), Va,6, cE^ (2-7) 

• Ze/t-coTOonoida/, if (A(l) iX) 1)(1 (8) A(l)) = 1(1) (g) 1(2) (g) 1(3) (2.8) 

• ri^/ii-comonofffa/, if (1 (g) A(1))(A(1) (g) 1) = 1(1) (g) 1(2) (g) 1(3) (2.9) 

A weak bialgebra is called (co)monoidal, if it is left- and riglit-(co)monoidal, and it is called 
bimonoidal, if it is comonoidal and monoidal. 

Clearly, A is (left-, right-) comonoidal if and only if A is (left-, right-) monoidal. We also note 
the equivalencies: A left- (co) monoidal A'^p^ left- (co) monoidal ^ Aop right- (co) monoidal 44> 
A'^°P right- (co)monoidal, where "op" means opposite multiplication and "cop" means opposite 
comultiplication. If e is multiplicative, then A is always monoidal, and if A(l) = 1 (g) 1, then 
A is always comonoidal. The face algebras of T. Hayashi [Ha] provide examples of comonoidal 
weak bialgebras. In fact, we will see in Corollary |3.9| that finite dimensional face algebras are 
also bimonoidal. 

The terminologies of Definition 2^ will be motivated below by showing that if A is monoidal 
then Rep^ is a monoidal category with unit object given by £. By duality, if A is comonoidal, 
then the category Cmod^ of ^-comodules becomes a monoidal category, see Sect. 4 

Let now {A, 1, A, e) be a weak bialgebra. For any representation (vry, V) of A we introduce 
the K-linear maps Ly : V ^ £ x V and Ry : V ^ V x £ given by 

Lv{v) := l£xv{i^v) (2.10) 
Rviv) := Ivxsiv^i). (2.11) 

These maps satisfy "naturality" in the sense that 

Lw o f = (Is X f) ° Lv and Rw ° f = {f >i W ° Rv 
for all / G Hom_4(l/, W), as well as 

^SxVxW ° {Ly ^ Ipv) = LvxW (2-12) 
'i-wxvxs ° {'i-w ® Ry) = Rwxv ■ (2-13) 

Also, we have a kind of "pre-" triangle identity in the sense that 

'i-VxSxw ° (ly ® Lw) = IvxExw ° {Rv ® Ivk) (2-14) 



as maps V®W^Vx£xW. Eqs. (|2.12D -( p7L4|) follow easily from 

1(1) (g 1(2) (g 1(3) = 1(1) ® 1(2)1(1') ® 1(3)1(2') = 1(1)1(1') ® 1(2)1(2') ® 1(3) (2-15) 

Moreover, Ly and Ry are always injective with left inverses given by 

Ly : £ (^V B (l)0v ^ {(t)\l(^i))1^2) -v eV (2.16) 

Ry : V(S)£3v(^(f>^ {(f>\l(^2))iii)-veV (2.17) 



More precisely we have 



6 



2 MONOIDAL WEAK BIALGEBRAS 



Lemma 2.3 Let (A, 1, A, e) be a weak bialgebra. Then for all V in Rep A we have 

Lv'^sy.v = Lv , Rv^vxe = Rv 

LyLy = RyRy = ly 

Proof: By definition we have for all E f and v (zV 

(Zylf xv)((A ®v) = (1(1/) ^ (/) I l(i))l(2)l(2') • U = ((A I l(l)l(l'))l(2)l(2') " V = Ly{(j) v). 

Hence, we also get LyLyv = Ly{l (g) w) = u. The argument for Ry is anologous. ■ 

We now show that Ly and Ry are ^-linear for all V in Rep^ if and only if A is monoidal, in 
which case Ly and Ry are also bijective. More precisely, we have the following 

Theorem 2.4 Let {A,l, A,e) be a weak bialgebra. Then 

i) Ly is A-linear for all V in Rep A if and only if A is left-monoidal. 

a) Ry is A-linear for all V in Rep A if and only if A is right-monoidal. 

Hi) If A is monoidal, then Ly and Ry are bijective and we have the identities 

Ry X Iw = 'i-v X Lw (2.18) 

Ly X \\y = LyxW > IvF ^ Rv = RwxV (2.19) 

Re = Le (2.20) 



Theorem implies that for monoidal weak bialgebras A the category Rep A becomes a strictly 
associative monoidal category with unit object given by the ^-module 8. Note that for ordinary 
bialgebras the ^-module £ is "trivial", i.e. it coincides with the 1-dimensional representation 
given by the counit e : A ^ K. In our setting £ need not even be ^-irreducible. If it is, then 
we call A pure., following [BSz]. 

To prove Theorem |2.4| we have to introduce some formalism. For i;^ G ^ we introduce the 
maps (t)^!^: A^ A given by 

((/>l(o) \ b) = {a\ Mb)) ■■= (</> I ab) 

for a, b, G A. Note the obvious identities 

Ma) = a-- 4) , (l)L{b) = 4)^b 

(t>R{ab) = a-^ <j)R{b) , (/>L(a6) = 0L(a) ^b 

for all a,b & A and (j) £ A. In particular, £l/r{-^) = •^l/r and EL/Ri-^) = -^l/r- For 
o", a' G {L, R} we also use the notation 

£(7(7' := e<T o e^' G Endx A , i^a' ■■= e„oe„i G Endx A 

where £ = 1 G ^ is the counit on A. For the reader's convenience we give the explicit formulas 

ELhia) = e(al(i))l(2) , SRR{a) = l(i)e(l(2)a) 22) 
eLi?(a) = e(l(i)a)l(2) , SRiia) = l(i)e(al(2)) 

From these one immediately verifies the following identities 

a{2)£LL{ba(^i)) = a(2)e(6a(i)) , e/?ij(a(2)&)a(i) = £(a(2)^)«(i) ^2 23) 

£Li?(a(i)^)a(2) = e(«(i)&)a(2) , a(^i)£RL{ba^2)) = «(i)e(^a(2)) 
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for all a,b £ A. Also note, that the maps 4>l and are transposes of each other and therefore 

(e,,0* = (2.24) 
where —L = R and —R = L, and where the superscript * denotes the transposed map. 



To prepare the proof of Theorem 2.4 we are now going to express the left- and right- monoidal- 
ity axioms of Definition 2.2 in terms of properties the maps e^, eg-o-' and i^a' ■ To this end con- 
sider the following list of additional axioms for weak bialgebras, divided into two groups called 
Axioms C and Axioms TZ , respectively. 



Axioms C 



Axioms 71 



(1) 



2)) = 



(1) 



L{2) 



0(1) <8) eL(a(2)) = ® eL(l(2)) 



0(1) ^^LR{(t>{2)) = 1{1)</" 

eL(a(i)) ® a(2) = eL(l(i)] 



1(2) 



(2) 



(2.25) 
(2.26) 



aeRR{b) = e(a(2)6)a(i) = efli?(a(2)6)a(i) aeLR{b) = e(a(i)6)a(2) = eLi?(a(i)fc)a(2) (2.27) 



iB.R{(t>(l)) <X) (t)(2) = 1(1) «) 1(2)'/' eKL(</'(i)) ^ 4>{2) = 1(1) 01(2) (2-28) 

ei?(a(i)) ^ 0(2) = ei?(l(i)) ^ l(2)a a(i) (g) £^(0(2)) = £^(1(2)) (2-29) 

eLL{h)a = a(2)e(6a(i)) = a(2)eLL(&0(i)) eRL{h)a = a(i)£{ba(2)) = 0(i)e_RL(6a(2)) (2.30) 



where Eqs. (^ ), ( ^36|), ( |23o| ) and ( ^ ) are supposed to hold for all a, 6, c, S A, respectively, 
and Eqs. ( ^.251) and (|2.2g| ) for all G Note that the second identities in (|2.27D and (|2.30|) 



follow from (3). 

Proposition 2.5 For a weaic bialgebra {A, 1, A, e) any one of the list of Axioms C (Axioms 
TZ ) is equivalent to A being left- (right-) monoidal. 



Proof: It is enough to prove the "left" -statements, since the Axioms TZ reduce to the Axioms 
£ in A'^'P. Also note that the axioms (|]2|), (|]3^) and (|]2|) reduce to the axioms ( ^ ), 
2.27 ) and ( p.26|), r espectively, in A^p^. Hence, it is enough to prove the equivalences (|2.6|) 4^ 



l25lLeft) 4» (l2.27| Left) <4> (^.26|Left). To this end first note that (U) may be rewritten as 



L(l) 1(2) 



L(3) 



1(2)1(1') 



L(2') 



(2.31) 



implying for sdl (p A 



L(i)(g)i(2) = 0(1)1(1) 0e(0(2)i(2)) 1(3) 

= 0(1) «'e(</'(2)i(i))i(2) = 0(1) 



2)) 



and therefore ( p.25| Left). Converseley, assume ( |2.25[ Left) holds, then A(i) 
and therefore (A ® id){A{l)) = i(]^) (g) 1(2) 



iLL(i 



(3). 



L(l') 



1(2')1(1) 



L(l) ( 
1(2) 



£ll(1 



(2)^ 



where the 



second equation follows by putting = 1(2/) in (|2.25| Left). Hence we have shown (|2.6|) <^ 
(2.25Left). The equivalence (|2]25|Left) 44> (pT27|Left) follows by pairing both sides of ( p.25| Left) 
with a0b and using {sllY = ^rr- Finally, the equivalence ( 2.27| Left) <^ (|2.26| Left) follows from 
a£RR{b) = al(i)(eL(l(2)) | b) and a(i)e(a(2)6) = a(i)(ez,(a(2)) | b). ■ 
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For a, a' G {L,R} let us now introduce the subspaces 

Aaa' ■■= Saa' (A) C Aa C A (2.32) 

It turns out, that if A is monoidal, then A^a' C ^ is a unital subalgebra. More precisely, we 
have 



Proposition 2.6 

1. ) If A is left-monoidal, then for all a,b £ A 

i) A{£LL{a)) = eLL{a)l(i) 1(2) , A(e/j/j(a)) = (g) l(2)eijR(a) 
a) £LL{b)eLL{a) = eLL{heLL{a)) , £RR{a)eRR{b) = eRR{eRR{a)b) 

In particular, for a € {L, R}, (eo-o-)^ = ^o-o- and Aaa C A is a unital subalgebra. 

2. ) If A is right-monoidal, then for all a,b A 

i) A(eijx(a)) = l(i) ® efiL(a)l(2) , A{£LRia)) = l(i)eLij(a) (g) 1(2) 
a) eRL{b)eRL{a) = eRL{beRL{a)) , £LR{a)eLR{b) = eLR{£LR{a)b) 

In particular, for a a' £ {L, R}, (eo-o-')^ = ^o-o-' and ylo-o-' C A is a unital subalgebra. 

3. ) If A is monoidal, then [Alct,Arxt] = for a = L and a = R. 

Proof: Part 2.) reduces to part 1.) in A'^°^ and the right identities reduce to the left ones in 
A'^p^. Let now A be left-monoidal, then using ( p.22| ) 

A(eLL(a)) = e(al(i))l(2) 1(3) = e(al(i'))l(2')l(i) ® 1(2) = eLL(o)l(i) (g 1(2) 
where in the second identity we have used ( |2.29| left). Applying this to ( |2.30| Ieft) yields 
£LLib)eLL{a) = e{beLL{a)l(i))l(2) = £LL{b£LL{a)) . 

The remaining statements of part 1.) follow from e^cr'i'^) = 1- Part 3.) follows, since li)-|-2i) 
imply for a G All and b G Arl 

A{ab) = (a«)6)A(l) = A{ba) . 
Hence, ab = ba since A is injective. The identity [Alr,Arr] = follows in Aop. ■ 
Next, we study the counit axioms of [BSz,Sz]. 

Lemma 2.7 Let (A, 1, A, e) be a weak bialgebra and consider the following BSz-Axioms 

l): e(a6) = e(al(i))e(l(2)6), Va, & G ^ (2.35) 
r): e(a6) = e(al(2))e(l(i)6), ya,b e A (2.36) 

Theri the following equivalences hold for a, a' G {L, R\, a ^ a' 

l) ^ ELiab) = eL{£LL{a)b), Va, b 44> eR{ab) = eR{aeRR{b)), Va, b ^ o o = £a 
r) <^ £L{ab) = eL{£RL{a)b), Va, b ^ £R{ab) = eR{aeLRib)), Ma, b <^ £„ o i^, o = 



(2.33) 



(2.34) 
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Proof: The equivalencies r) reduce to l) in J^°'^ . The equivalencies l) follow from the identities 
ELiah) = ELia) ^ b, ER{ah) =a^ ER{h) and e(al(i))e(l26) = E{ELL{a)h) = E{aERR{h)). ■ 

The axioms (l) and (r) of Lemma have been proposed as axioms for weak Hopf algebras in 



[BSz,Sz]. They imply the monoidality properties of Definition 2.2 only under additional antipode 



axioms, see [BSz,Sz] or Lemma Al in Appendix A. The property (l) also appears as a counit 



axiom in Hayashi's face algebra theory [Ha]. The monoidality axioms ( |2.6| ) and ( |2.7D are the 



ones used in [BNS,NSW] and they obviously always imply the BSz-axioms of Lemma 2.7. As 
has been observed similarly in [BSz,Sz], Lemma also implies the following 



Corollary 2.8 Under the BSz-axioms (l) and (r) of Lemma |2. /f the foUowing bihnear forms 
are nondegenerate for aU a, a' € {L, K\ 

Aa,L ^ A^'R 3 {a®b) ^ E{ab) e K (2.37) 

Aa,L «) <? 9 (a O ^) ^ I a) G K (2.38) 

£ Aa,R 3 {(f)®b) ^ {(f)\b) eK (2.39) 

£ ^ £ B {(I) (g> 4^) ^ e(0V)ei^ (2.40) 

where £ := er{A) and £ := el{A). Morover, £ as a right A-module is dual to £, i.e. for aU 
4> £ £, ip & £ and a G A 

e(0(a - ^)) = E{i<P - a)i;) (2.41) 
Proof: The nondegeneracy of ( |2.37D - ( |2.40| ) follows immediately from Lemma |2.7| . To prove 



( 2.41 ) write (p = ^l(^) and tp = er{c). Then a ^ ip = ER{ac) and (j) ^ a = Eiiba) and therefore 
e((^(a ^ V)) = E{bERR{ac)) = E{ELL{ba)c) = E{{<i) ^ a)V') ■ 



Note that Corollary 2.8 in particular implies 

d\mA„„> = dimf' = dim^, Vcj,o-' G {L,R}. (2.42) 
After these preparations we are now in the position to give the 



Proof of Theorem 2.4: 



Throughout we use that being finite dimensional ^ as a left ^-module is itself an object in 
Rep A. Hence, Ly is ^-linear for all V in Rep A if and only if 

(1(1) ^ i) «) 1(2)0 = (a(i) ^ i) (g) 0(2) 

for all a ^ A, which is precisely the condition (|2.29| Left). Similarly, Ry is ^-linear for all V in 
Rep A if and only if 

1(1)0 ® (1(2) ^ i) = 0(i) (0(2) ^ i) 

for all a ^ A, which is precisely the condition ( 2.29| Right). To prove part iii) let now A be 



monoidal implying all Eqs. (2.25) - (|2.29| ) as well as those of Proposition and Lemma p.7| . 



Using £ = er{A) we get for (f> = ER{b) G and v 

LyLy{(t)®v) = Ly {e L{(t)) ■ v) = Er{1 (i)) ®l(2)e LR{b) ■ V 

= eij(eL/?(&)(i)) ® SLR{b){2) • V 

= £R{^{l)!^LR{b)) (E)l(2) -V 

= [1(1) ^ ei?(eLi?(^))] [1(2) ■ v] 
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2 MONOIDAL WEAK BIALGEBRAS 



Here we have used Eq. ( 2.29[ Left) in the second hne, part (2.i) of Proposition 2^ in the third 
hne, Eq. (2.21) in the fourth hne and Lemma |2.7| (r in the last line. Repeating this proof in 
^cop yigifig RyRy = lyy^g. Finally, ^"linearity implies IvxExW ° (ly ® L\y) = Iv x Lw and 
'i-Vx£xW ° {Rv Ipv) = Rv X IvK- Hence, the triangle identity ( 2.18[ ) follows from Eq. ( p.l4| ). 
The remaining Eqs. (12.191) and ( 2.2[l| ) follow by standard arguments for any monoidal category 
(see e.g. [Ka, Sec. XI.2.2]). ■ 



In view of Theorem 2.4 we will from now on denote 



as the "trivial" or unit representation of A. The following Corollary states that vTg may equiv- 
alently be realized as a left ^-action on Aa,R, cr G {L,R}, such that iTe\Acr r becomes the left 
multiplication on itself. 

Corollary 2.9 Let A be left (right) monoidal and fora = R{a = L) let 7ra,R '■ A Endx Aa,R 
be given by na,R{a)b := ea,R{ah). Then -Ka^R is a representation of A satisfying 'Ka,R{o)b = 
a6, Va, b G Aa,R, and er : Aa,R — > £ is an A-linear isomorphism with inverse ia ■ £ ^ Aa,R, i-e. 
for all a G A 



£R o 7rCT,_R(aj 
ia- o TTsia) 



(2.43) 
(2.44) 



Proof: This follows immediately from Lemma ^.7[ ■ 

In Section 3 we will see that for monoidal weak bialgebras A the >l-submodule £ = eR{A) 
is also a subalgebra of A and er : Aa,R £ is also an algebra isomorphism (for a = L) or 
anti-isomorphism (for a = R). 

Finally, we emphasize that in the present context (i.e. without furher assumptions like e.g. 
existence of an antipode) monoidality is not a selfdual concept for weak bialgebras. The following 
Lemma provides the conditions under which a monoidal weak bialgebra is also comonoidal (a 
comonoidal weak bialgebra is also monoidal). 

Lemma 2.10 

i) A left-monoidal weak bialgebra (A, 1,A,e) is left-comonoidal if and only if 

A(l) = (id O e ® id)[{A{l) 1)(1 (g) A(l)] (2.45) 
a) A right-monoidal weak bialgebra {A, 1, A, e) is right-comonoidal if and only if 

A(l) = (id (g) e ® id)[(l ® A(1))(A(1) 1)] (2.46) 
Hi) A left-comonoidal weak bialgebra {A, 1, A, e) is left-monoidal if and only if 

e(a6) = e(al(i))e(l(2)6) (2.47) 
iv) A right-comonoidal weak bialgebra (A, 1, A, e) is right-monoidal if and only if 

e(a6) = e(al(2))e(l(i)6) (2.48) 
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Proof: Part ii) reduces to part i) in Aop and iii), iv) are the dual versions of i), ii). To prove 
part i) first note that by the counit property ( p. 81 ) imphes (2.45). On the other hand, Eq. (|2.4^ 
is equivalent to e((/)?/') 
ii o g L o = El- 
(|2.25| Left) to get 



)e(l(2)V')) £ ^) aiid therefore, by Lemma |2.7| (a), to 

If in this case A is also left-monoidal then we may apply id ® ii to Eq. 



41) 



4>{1) ®^l{<P{2)) = <^i{l) <»gL(l(2)), 



which is precisely the dual version of the condition 
monoidal and therefore A is left-comonoidal. ■ 



€ A 



2qLeft). Hence, in this case A is left- 



Lemma 2. 10| implies that the face algebras of T. Hayashi [Ha] are left monoidal, since by definition 



they are comonoidal and satisfy ( 2.47 ). In fact, they are even bimonoidal, since in Corollary 
|3.9| we will see that comonoidal weak bialgebras are left monoidal if and only if they are right 
monoidal. A comonoidal weak bialgabra which is not monoidal will be given in Example 1 of 
Appendix D. 



3 Comonoidal Weak Bialgebras 

In the previous Section we have emphasized the monoidality axioms for weak bialgebras A by 
relating them to the monoidality properties of = eR{A) and £ = eiiA) as objects in Rep^ 
and Rep^opi respectively. In this Section we pass to the dual point of view by investigating 
the comonoidality axioms (|2.8| ) and ( |2.9| ) and relating them to algebraic properties of the linear 
subspaces Aljji C A. Note that these are just the dual counterparts oi£ and £, respectively, and 
that for a, a' £ {L^R\ we have Aa 3 A^ai. We will show that for comonoidal weak bialgebras 
Aa = Aa-a' and that the spaces Aa, a = L,R, are in fact commuting unital subalgebras of A 
as in the weak Hopf setting of [BSz]. We will see that these algebras coincide with the "fixed 
point" subalgebras of A under the natural (left or right, respectively) action of A on A. We 
will also show, that Eo- ■ Aa' Aaa' provides an algebra isomorphism for a ^ a' and an algebra 
anti-isomorphism for cr = cr'.^ If >i is bimonoidal, then also A^a' = ^o-- 

These results play an important role in the theory of crossed products by weak Hopf algebras 
[NSW] . In regular crossed products of von-Neumann algebras M by weak Hopf algebra actions 
: A(^M M one requires ^t>l;n = Al>1m= andC(7V4) = (^lH^Ir) > l>i = ^lH^r 
implying the dual properties in x^, see [NSW]. In this way the algebras Aa and Aa appear as 
the lowest relative commutants in the resulting reducible Jones tower [NSW]. If is a Frobenius 
weak Hopf algebra, then Aa parametrizes the space of integrals in A [BNS]. 

Let now (^, l,A,e) be a weak bialgebra. We start with introducing the following four unital 
subalgebras Naa'i^) C A, a, a' £ {L,R}, given by 



Mll{A) 

^LRiA) 
J^RLiA) 



= {a G ^ I A(a) = al(i) (g) 1(2)} (3.1) 

= {a G ^ I A(a) = l(i)a0l(2)} (3.2) 

= {a G ^ I A(a) = 1(1) (g)al(2)} (3.3) 

= {a£A \ A(a) = l(i) (S> l(2)a} (3.4) 



The subalgebras A/'o-o-' (-4.) C A are defined accordingly. These algebras may be considered as 
the "left and right fixed point subalgebras" of A under the canonical ^-actions in the following 



Recall from (the dual of) Proposition 2.6 that Aca' C ^ is also a subalgebra, if A is comonoidal. 
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sense 

AfLL{A) = {aG^[0^(a6) = a(0^6), V0G A V6g^} (3.5) 

J\fLR{A) = {a G ^ I ^ (ba) = (0 ^ b)a, V0 G i, V6 G ^} (3.6) 

J\fRL{A) = {aeA \ (ah) ^ ^ = a{b ^ 0), V0 G V6 G ^} (3.7) 

Mrr{A) = {aeA \ (ba) ^(j) = {b^ 4>)a, V0 G V6 G ^} (3.8) 

Some immediate consequences of the above definitions are given in the fohowing 

Corollary 3.1 For any weak bialgebra {A, 1, A, e) and for all a, a' G {L, R} we have 

i) a G Naa' {■A) =^ e<x<7' (a) = a. 

In particular ^/^^'{•A) C Aaa', and Afaa'i-^) = ^o-o-' if -A is monoidal. 

ii) M„l{A) n C{A) = N^r{A) n C{A) =-. CM) 

Hi) [MLM)MRa{A)]=^- 



Proof: To prove part (i) use ( p.22| ) and Proposition [2l^, and for part (ii) use Eqs. ( |3l5| ) - (|3^). 
For o- = L part (in) follows from A(a6) = (a 6)A(1) = A(6a), a G A/ll(^), 6 G A/i?L(^), by 
applying e (g) id . The argument for a = is analogous. ■ 

Our next aim is to show that maps A/"o-'o-(^) (anti-)isomorphically onto Naa'iA). To this end 
we first need the following 

Lemma 3.2 Let (.4, 1, A, e) be a weak hialgebra. Then the following equivalencies hold 

i) a^MLhiA) <=^ 4) ^ a = aeii{(i)), e A ab = b ^ ELia), \fb e A 

<;=^ (j) ^ a = £L{a)(t), Mcj) ^ A 

ii) aGAfiRiA) <;=^ (j) ^ a = iR{(l))a, y(f) £ A ba = b ^ eR{a), Vb G A 

a ^ 4> = eji{a)(j), £ A 
Hi) a G Mrl{A) <^ (j) = aiL{4>), ^cp e A ab = el^o) ^ b, ^b e A 

4> ^ a = cl)eL{a), \/4> £ A 
iv) a€AfjiR{A) a ^ (f) = eL{(t>)a, \/(t) e A ba = eR{a) ^ b, Mb £ A 

<;=^ a ^ (j) = cj}eji{a), Mcf) £ A 



Proof: The equivalences (ii), (iii) and (iv) reduce to (i) in Aop, A'^°^ and A^^ ^ respectively. 
To prove (i) first note that the equivalence a G A/ll(.4) ^ [c^ ^ a) = a{(j) ^ 1) = aeR{4)) is 
obvious from the definition ( p.l] ), see also Eq. ( |3.5| ). Let now a G Nll[A) then for all 6 G .4 

ab = e(a(i)6(i))a(2)&(2) = e(a&(i))6(2) = (eL(a) | ^(i))&(2) = b^ sl^o). 

Pairing both sides of this condition with G ^ we further get 

(0 ^ a I 6) = {eL{a)ct) \ b), Mb £ A 

and therefore (f) a = £Lia)4'- Finally, if this holds for all (f) £ A, then we get for all 4',ij) £ A 

I «l(i) "Xi 1(2)) = i{{4> ^ a)ilj) = i{£L{a)cl)ip) 
= i{{4>ij) ^ a) = {(t)ip \ a) = {4> il^ \ A{a)) 

implying a £ Mll{A). ■ 
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Theorem 3.3 For any weak bialgebra A and for all a, a' G {L, R} we have 

i) £(j maps Ma'aiA) bijectively onto Ma^'i-A) with inverse given by ifji : Maa'[A) — > M(j'a[A). 
Moreover, these are algebra isomorphisms, if a ^ a' , and algebra anti-isomorphisms, if a = a' . 

ii) Defining Ca{A) := C{A)nMaLiA) = C{A) nJ\faR{A) as in Corollary ^i) we have 

£a{MLA-^)nMR^{A)) = Ca{A) (3.9) 
ELKiA)) = ERiC^iA)) = MLaiA)nMRUA) (3-10) 
E^{CL{A)nCR{A)) = CL{A)nCR{A). (3.11) 

Proof: (i) By passing to Aop, A'^"^ or A'^^, respectively, and noting Aop = {AY°P and A'^°P = 
{A)op, it suffices to consider the case a = a' = L. By Corollary |3.1^ ) el ° £L\j\fj;^j;^{A) — i^l and 
it is enough to show el{Mll{A)) = Mll{A). To show el{Mll[A)) C J\fLL{A) let a G Nll{A) 
and put if) = EL{a). Then a = el{'4') by Corollary p.lj i) and the last equivalence in Lemma |3.2| i) 
implies 

^(j) = (j)^eL{'^), V0G^ 

By the second equivalence of Lemma |3.2^ ) this implies if) G Mll {A) . Interchanging the role of 
A and A we also get el{Mll{A)) C Mll{A) and therefore equality. Finally, putting </> = £1,(6) 
in the last equivalence of Lemma p.2| i) implies for a, 6 G Mll{A) 

EL{a)EL{h) = EL{h) ^ a = Eiiha) 



by Eq. ( 2.2l|) , and therefore £L\j\fLL('A) is an algebra antimorphism. 



(ii) Similar as above, by passing to A^°jl' it suffices to consider the case a = L. If a G A/ll(^) H 
Mrl {A) then by Lemma |3]^(i) and (iii) 

4> ^ a = EL{a)4> = (pELia), V(/) G „4. 

implying ^^(a) G C{A)nAfLL{A) = Cl{A) by part (i). To show that el : {^fLL{A)n^^RL{A)) 
CLiA) is surjective pick (j) S Cl(^), then by part (i) 

(P = EL{£ai(p)) G eL{AfLLiA)nMRLiA)), 



where we have used EL{(j)) = £R{(j)) for all (p C{A). This proves (|3.9| ) and by part (i) also the 
inverse relation ( 3.101 ). 



Finally, Eq. (|3T1 



[) follows by using Corollary ^;j(ii) to get for a = L oi a = R 

Cl{A) n Cr{A) = MLAA)nMRM) n C{A) 

(and the same formula with A replaced by A) and applying Eqs. ( |3.9D , ( p.lO| ) and their dual 
versions. ■ 

The algebra Z := CL{A)nCR{A) = CL{A)nCR{A) has been called the "hyper center" of A (and 
A) in [Sz] and it appears as C{M'^)nC{M) = C{M)nC{M xA) in the crossed product theory 
of [NSW]. If p G 2 is an idempotent, then Ap := pA C ^ is a weak sub-bialgebra and by ( 3.11| ) 
its dual is given by Ap = pA, where p = el{p) = £r{p)- 



There is an alternative insight into Lemma and Theorem |3.3| by considering A and A as 
subalgebras of End/^ A. Let Qo- '■ A End/^ A and Pq- : ^ — > Endj^ A, a = L, R, be given by 

QL{o)b ■= ah , QR{a)b := ba 

PMb := b^ct> , PR(.<P)b := (t>^b 

where a,b ^ A and (f) £ A. Then we have the following 
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Lemma 3.4 For any pair of dual weak bialgebras A and A and for all a, a' £ {L, R} we have 

QAK'AA)) = P^,{M^^,iA)) = QAA)nP^,{A) (3.12) 
^<T\Af„,A-^) = Pa'^ °Q'^\Af^,AA) (3-13) 
= (3.14) 



Proof: Lemma |3^ immediately gives Qai-^a'aiA)) = Pa' {Ma-a' (A)) C Qa{A) fl Pa'{A), as well 
as the identities (3.13) and (3.14). Conversely, if Ql[o) = Piii') then (j) {ah) = 4> ^ b 



= a{(f> b) for all 6 G 4> £ A, implying a S Mll{A) by (|3.5|) . The remaining cases are 
analogous. ■ 

We now show that a weak bialgebra {A, 1, A, e) is comonoidal if and only if Afaa'{A) = A^ for 
all a, a' G {L,R}. Again, this statement may be divided into two pieces. 

Theorem 3.5 For a weak bialgebra {A, 1, A, e) the following equivalencies hold 
i) A is left-comonoidal <J=^ Al = Mll{A) ■^^=> Ar = Mrr{A). 

If this holds then we also have MaaiA) = Aaa &nd MaaiA) = A^a, for a = L and a = R. 
a) A is right-comonoidal Al = MiRiA) Ar = Mrl{A). 

If this holds then we also have Naa'iA) = A^a' ^.nd Macr'iA) = A^a' for {a, a') = {L,R) and 
{a,a') = {R,L). 



Proof: Part (ii) reduces to part (i) in A'^"^. To prove part (i) for cr = L observe that AfiLiA) 
Al is equivalent to A{iL{(p)) = iL{(p)'i-(i) 03 1(2); '^4' S A, and therefore to 

I 1(1))1(2) ^ 1(3) = {(P I 1(1))1(2)1(1') <^ 1(2')> V<^ G ^ 



which is the left-comonoidality property ( p.8[ ) for A. Next, we use that Maa'iA) C A^a' C Aa 
always holds by Corollary ^!l|i). Hence A/ll(-4) = Al implies A/ll(^) = All- To get the 
dual statement we use that if A is left-comonoidal then A is left-monoidal implying A/l_l(^) D 



£ll{A) = All by part (li, left) of Proposition 2^. The case a = R follows by passing to Ag"^. 



Corollary 3.6 Let A be monoidal. Then for a G {L,R} the restrictions £La\ARcT provide 
algebra anti-isomorphisms £La ■ ARa Alct with inverse sr^ : Alct ^ Ar^. 



Proof: This follows from Theorem 3.3 and the dual of Theorem 3.5, implying J\[aL{A) 

NaR{A) =Aa. ■ 

Note that for comonoidal weak bialgebras A Theorem still allows for the possibility 



Acra' ^Aa. Also uotc that if A is comonoidal, then by Theorem and Corollary |3.1| iii) Al 
and Ar are commuting subalgebras of A. More precisely, we even have 

Corollary 3.7 A weak bialgebra A is comonoidal if and only if it is left- (or right-) comonoidal 
and [Al^Ar\ = 0. In this case we also have Al H Ar = Cl(^) = Cr{A) and Cl/r{A) = 
C{A)nAL/R. 
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Proof: By Theorem |3.5| and Corollary |3.1| iii) comonoidality implies = 0. Conversely, 



if [Al,Ar] = 0, then Af^a'iA) C Aa (Corollary 3.1l)) gives MaUA) = J\faR{A) for a G {L,R} 



by the definitions ( |3.1| ) - ( ^.41) . In this case, by Theorem |3.5| , A is left-comonoidal iff it is 



right-comonoidal. The remaining statements follow from Theorem 3.3 



Somewhat surprisingly, under the condition [^i, ^/j] = also left- and right-monoidality become 
equivalent. 

Lemma 3.8 Let A be a weak bialgebra and suppose [Al,Ar] = 0. Then A is left-monoidal if 
and only if it is right-monoidal. 

Proof: By passing to Aop it suffices to prove one direction. If A is left-monoidal, then by the 
duals of Theorem U and Corollary |]T|i) Al = Mll{A) D Mlr{A) and Ar = Mrr{A) D 
J\fRL{A). Since ^j?] = implies McrL{A) = MaR{A), a € {L, i?}, we may now use Theorem 
|3^ to conclude 

Al = Mll{A) ^ Nll{A)op = Mlr{A)op = Mrl{A)op 

Ar = Mrr{A) ^ Mrr{A)op = Mrl{A)op = MLRiA)op . 
Hence, dim^^, = dimAR, implying also Al = Mlr{A) and Al = J^lr{A), and by Theorem 



3.5 A is right-monoidal. 



Putting Corollary 3.7 and Lemma 3.8 together with their dual versions we arrive at 



Corollary 3.9 A weak bialgebra A is bimonoidal ^ A is comonoidal and left- (or right-) 
monoidal ^ A is monoidal and left- (or right-) comonoidal. 



As already remarked. Corollary together with Lemma 2.10 imply that finite dimensional 
(actually dim Al/r < cxd is sufficient) face algebras in the sense of Hayashi [Ha] are bimonoidal 
weak bialgebras. 

Let us summarize our findings for comonoidal weak bialgebras A. Among the algebras 
Aaa' — iArj'a){op) wc are actually left with only two equivalence classes 

Al = All = Alr — Arl = {All)op -j^^-j 
Ar = Arr = Arl = Alr = {Arr)op 

the isomorphisms being given by the following diagram 

Afa'aiA) = Aa'a C A^' 

e^i Ti i e<7 (3-16) 

f\fcr(j' (.A^ — Aq-ct' — A(j 

We have ia^a'^a = and therefore {iaa')'^ = ^aa' and (e^'a)'^ = ^a'a- However we may possibly 
have Kerfo- n Aa' 7^ in which case Sa'ia^a' / ^o-' and Aa'a ^Aa'- This precisely reflects the 

possibility that comonoidal weak bialgebras A may not be monoidal. Moreover, by the dual of 



(12:421) 



dim^L = dim^/j = dim^o-CT' , Vcr, o"' € {L, i?} (3-17) 

If A is bimonoidal, then we also have Aa = Aaa' = -^aa' (A) for all a, a' € {L, R} and the above 
diagram also holds with A and A interchanged, i.e. 

Al — Ar = {Ar)op = {Al)op 
where the isomorphisms are given by Sa ■ Aa' — > Aa with inverse ia' ■ Aa Aa' ■ 



16 



4 THE COMODULE PICTURE 



4 The Comodule Picture 

In this Section we study the category of (right) comodules Cmod^ of a weak bialgebra A and 
describe its monoidal structure in case A is bimonoidal. Of course, since Cmod A = Rep A, this 
could be traced back to the results of Sect. 2. However, it turns out that in the bimonoidal case 
the tensor functor in Cmod^l is more naturally described by an "amalgamated" tensor product, 
which will then be shown to be equivalent to the constructions in Sect. 2. We also generalize 
a result of [Sz] by showing that for comonoidal A the self-intertwiner algebra of the "trivial" 
^-comodule Ar is given by n Ar. 

As usual, by a right ^-comodule we mean a linear space V together with a coaction pv '■ 

V ^ V iSi A satisfying 

{pv ® id^) ° Pv = (idy ® A) o py (4.18) 
{idv0e)opv = idy. (4.19) 

For V GV we also use the shorthand notation pviv) = i'(o) ^(i)) omitting as usual summation 
indices and a summation symbol. As for ordinary finite dimensional bialgebras, we recall the 
one-to-one correspondence between right ^-comodules and left ^-modules given by 

(l)>v:= {idv 0^){pv{v)) =V(^o){(l)\v(^i)), v e V, (j) e A. (4.20) 

Based on this observation we get the following 

Proposition 4.1 Let {A, 1, A, e) be a comonoidal weak bialgebra. Then any right A-comodule 

V naturally becomes an AR-bimodule via 

aR-v := V(^Q)e{aRV(^i)) = £L{aR)>v (4.21) 
v-aR := V(^Q^e{v(^i^aR) = eR{aR)t>v, (4.22) 

where ur G Ar and v & V. Moreover, with respect to this biaction we have for all ur G Ar, v G 
V 

pv{aR-v) = A{aR)- pv{v) (4.23) 
Pv{v-aR) = pv{v)- A{aR) (4.24) 
^RR{y{i)) ■ V{o) = v = v^Q) ■ £rl{v(i)). (4.25) 



Proof: By Theorem p.3| and Theorem 3.5 £l '■ Ar Mlr{A) is an algebra isomorphism and 
£r ■ Ar — > Mrr{A) is an algebra anti- isomorphism. Hence ( fl.21|) and ( [4. 221) provide a left and 
a right ^ij-action, respectively, on V , which commute with each other due to Corollary |3.1| (iii). 
To prove the identities ( 4. 231) and ( [4.24| ) first note that they make sense, since in the comonoidal 
case 

A{aR) = 1(1) (g) l(2)aR = 1(1) (g) aijl(2) £ Ar®A. 



Prom this (4.23) follows by computing 



A{aR) ■ pviv) = W(o)e(l(i)W(i)) <S) ai?l(2)^'(2) = ^^(o) 

= i'(o) ® ^Uclr) t'(i) = f(o) ^ V{i)£{aRV{2)) 
= Pv{aR-v), 



17 



where in the third equation we have used Lemma |3.2| (iii) and Ar = Mrl{A). Eq. ( 4.24 ) follows 



analogously from Ar = Nrr{A) and Lemma |3^(iv). To prove ( 4.25 ) we compute 

eRR{v(^i)) ■ v(i^) = V(i^)e{eRR{v(2))v(^i)) = W(o)e(w(i)) = v 
where we have used £RR{a(2))cL[i) = a, Va € A, by ( 2.23 ). Similarly, using eLi?(a(i))a(2) = ci, 

V(o) ■ ^Rl{v(i)) = ^^(o)e(^^(i)ei?L(^(2))) = ^^{o)e(^^(i)) = v- ■ 
Given two right ^-comodules V, W, we define pv^w -VC^W ^V^Wi^A hy 

PV(^w{v (g) w) := py{v)p'^{w) = i;(o) tt;(o) ® V{i)W(iy (4.26) 



(4.27) 



One immediatetely checks, that pv^w again satisfies (|4.18[) , however it fails (|4.19|) unless e is 
multiplicative. If A is bimonoidal this may be repaired by using the ^/j-bimodule property to 
define 

VW := V(S)ArW 
Pvw{v 0Arw) := {Pvw ^i<iA){pv(Siw{v 0w)), 

where Pyw V i^W ^ VW is the canonical projection. Then due to ( [4.23 ) and ( 4.24 ) 

pvw -.VW ^VW^A 
is well defined and still satisfies ( [4.18| ). Moreover, we have 

Lemma 4.2 Let {A,l, A,e) be bimonoidal and for two right A-comodules V,W let pvw '■ 
VW VW (g>Abe given by (fl2^ ). Then 



{idvw <8) e) o pYw = idvw 



(4.28) 



Proof: Using el = £l ° ^rl we compute 

(}dvw ®^){pvw{v®Arw)) = Pvw{v{Q)®W(Q))e{v^i)W^i)) 

= Pvw{v{o)'^W(Q))e{eRL{v(i))w(i)) 

= Pvw{v{o) ® £rl{v{i)) ■ w) 

= Pvw{v(Q) ■ eRL{v{i)) (E> w) 

= V ®Aii w, 

where in the last line we have used ( [4.25| ). ■ 

Thus, Pvw is again a right ^-coaction. Next, observe that any ^-comodule morphism / : F — > 
V (i.e. satisfying py o f = {f ® id^) o py) is also an ^i^-bimodule map and therefore the 
tensor product of two such maps, f : V ^ V' and g : W ^ W' , naturally passes down to 
an ^-comodule morphism / ^Ar 9 '■ VW — > V'W'. In this way Cmod^ becomes a monoidal 
category with unit object given by Ar, where par '■ Ar — > Ar ® A is given by par = A\Ar- 

Let us now see how, under the identification Cmod^ = Rep^, this description coincides 
with the tensor functor obtained by the dual version of (|2.3| )-( ^^ . To this end we put 

V xW := (idv <S) idw ^ e)ipv^wiV 0W)) CV ®W (4.29) 

as in ( |2.3| ) and correspondingly 

Pvxw '■= PV(S)w\vxw- (4.30) 

Then pvxW ■VxW^{Vx W) (g) Ais a well defined coaction satisfying ( |4.18| ) and ( [4.19| ) and 
we have 
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4 THE COMODULE PICTURE 



Lemma 4.3 Under the conditions of Lemma 4J the restriction PvwlvxW '■ V x W ^ VW 
provides an isomorphism of A-comodules. 

Proof: By the definitions ( |4.27|) and ([4.30| ) Pvw\vxW is a comodule morphism, which by Lemma 



4.2 is surjective. To prove that it is also injective we just have to note that according to the 



proof of Lemma [4.2| its inverse is given by 



which is indeed weh defined due to ( [4.23| ) and ( 4.24D . 



We conclude this Section with picking up an observation of [Sz], who has noticed that in the 
weak Hopf algebra setting A is pure (i.e. the "trivial" ^-module £ = Ar is irreducible), if and 
only if Cl[A) = Cii{A) = C. More generally, the commuant of i^eiA) in Endi^ f is given by 
'Ke{Ca{A)) [Sz]. It turns out, that this already holds in our setting of monoidal weak bialgebras. 
To see this we prove a dual statement in Cmod^. First, we need 

Lemma 4.4 Let [A, 1, A, e) be a weaic bialgebra. Then A(l) G (Ar (S)A)n{A(^ Al)- If A is 
left- or right-comonoidal, then A(l) G Ar Al- 



Proof: Pick a basis Ci € A with dual basis e* S A. Then A(l) = e*^ 1 ^ Ci = Ci (S) 1 ^ E 
{Ar ®A)n{A'S'AL)- If ^ is left-comonoidal, then 

A(l) = 1(1) (g) e(l(2)l(i'))l(2') = i(i) ^10 1^ i(2) eAR(g)AL 

The argument for right-comonoidal A is similar. ■ 

Let us now denote the intertwiner spaces in Cmod^ by 

End-^ V ■.= {T e EndK V \ pv o T = {T (g> id) o py} 

Recall that if A is comonoidal then [^L,w4ij] = and Ar is the unit object in Cmod^, where 
PAr = ^\Ar- 

Lemma 4.5 Let {A,l, A, e) be a comonoidal weak bialgebra and T E Endx Ar. Then T G 
End'^ Ar if and only if there exists z € Al n Ar such that T{a) = az = za, Va G Ar. 

Proof: We have T G End-^ Ar <^ A(r(a)) = {T(g}id){A{a)), Va G Ar. Putting a = 1, applying 



e (8> id and using Lemma |4.4| we conclude 

z := r(l) = e(r(l(i)))l(2) G n Ar. 

Now comonoidality implies Ar = Mrl{A) and therefore A(a) = (1 (g) a)A(l), Va G Ar. Hence, 
T(a) = (e (g) id)(A(r(a))) = e(T(l(i)))al(2) = az, Va G Ar. Conversely, li z Al^Ar then 
A(az) = A(a)(z ® 1), proving that the map T : a i— >■ az is in End"^ Ar. ■ 



Lemma 4.5 may now immediately be dualized. For left ^-modules V denote End^V^ the space 



of ^-linear endomorphisms of V . The following generalizes [Sz, Eq.(3.3)] to our setting. 
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Proposition 4.6 Let {A,l, A,£) be monoidal and denote tTs : A ^ End^S, £ = Ar, the 
"trivial" representation, 'Ki,[a)(f) := a ^ (j), a £ A, (j) £ . Then 

EndA£ = TTe{CR{A)) = tt,{Cl{A)) = Cr/l{A) ^AlHAr 
Proof: By the dual of Lemma T G End^£^ iff tliere exists ^ S Al H Ar sucli that T((j)) = 



4'i = ^4'i V(/) € f^. Using £ = Nrr{A) = Mrl{A) by Theorem 3^ we conclude 



from the dual versions of Lemma ^^(iii) and (iv). Hence, the claim follows since by the dual of 
(|3.9|) eo-(-4L n Ar) = Ca{A) and since by Theorem |3]^(i) the restriction of vrg to J\faR{A) - and 
therefore to Ca{A) = MaR{A) nC{A) - is faithful. ■ 



Proposition in particular implies tTs;{A) C End^^^^^^^ £. In Corollary |Cji) of Appendix C we 
will see that equality holds if and only if Al "S^^^^^^^ Ar = AlAr as a subalgebra of A. 

5 Bimonoidal Weak Bialgebras and Face Algebras 

In this Section we generalize an observation of [Sz] by showing that in bimonoidal weak bialgebras 
A the subalgebras A^/r are separable. This will also prove that the bimonoidal weak bialgebras 
with abelian Al/r are precisely the face algebras of [Ha]. To this end let us introduce the maps 
Sa : Aa ^ A-a and So- ■ Aa ^ A^a givcu by 

S_L ■= ^roslIal '■= ^l°£r\Ar -j^-j 

Sl '■= ^r°£r\al Sr •= ^l°£l\ar- 

By Theorem |3.3|i) and Theorem if A is comonoidal these maps are algebra anti-isomorphisms 



and Sl/r = S^jj^ . We will see in Corollary |8^ that li Ais a. weak Hopf algebra with antipode 
S then Slir = S\a^^^. 

Lemma 5.1 Let A he monoidal or comonoidal and let 0^,5^ € Al and aR,bR € Ar. Then 

e{aLbL) = e{SL{aL)bL) = e{aLSL{bL)) (5.2) 
e(ai?6/j) = e{SR{aR)bR) = e(a/j5i?(&i?)) (5.3) 



Proof: If A is monoidal use Lemma |2.7| . If A is comonoidal use the counit property and 
Aa = Maa' {A) to get for CT = L or 0" = 

e{aaba) = e(a^l(i))e(l(2)&a) = e(a<xl(2))e(l(i)&a) 
from which the statements follow by the formulas ( p.22| ). ■ 

Next, given a nondegenerate functional w : ^ on a finite dimensional algebra M. let 
"Y^Xi^Ui £ M. ® M denote the form-inverse ol M. ® M 3 (mi ® 7712) 1— > u){mim2) G K, i.e. the 
unique solution of (summation convention) 



u){mxi)yi = m = Xiuj{myi), Vm G M. 



(5.4) 
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6 RIGID WEAK BIALGEBRAS 



Note that this imphes the identity 

mxi ^ yi = Xi Him, Vm G A^. (5-5) 

In the terminology of Watatani [Wa] the cohection {{xi,yi)} would be called a "quasi-basis" for 
uj. Generalizing the index notion for conditional expectations we denote 

Induj := XiVi e C{M) (5.6) 

and call this the Index of to. Also recall that for a finite dimensional Frobenius algebra A4 over 
a field K the modular automorphism of a non-degenerate functional lj € is defined to be the 
unique 6^ G Aut M such that 

f{xy) = fiyeUx)) , \/x,y,eM. (5.7) 



Proposition 5.2 [BNS] Let A be a bimonoidal weak bialgebra. Then for a = L and a = R 

i) e\_A„ is nondegenerate and Inde|^^ = 1. 

n) The quasi-basis G Aa <8 A^ of e|^^ is given by 

a^i^yi = 5r(1(i))® 1(2) x^R^yfj = 1(1) ®5l(1(2)) (5.8) 

Hi) The modular automorphisms of e|^^ are given by Sro Sl G AutAh and Sl° Sr £ AutAn. 
iv) Al and Ar are separable K-algebras, whence semi-simple. 



Proof: e|^^ is nondegenerate by Corollary To prove (ii) we use A(l) G Ar0Al to compute 
from Lemma K.ll 



e(aL5i?(l(i)))l(2) = e(aL(5Lo5'ij)(l(i)))l(2) = e(aLl(i))l(2) = 
l(i)e(5L(l(2))aij) = l(i)e((5iio5L)(l(2))aR) = l(i)e(l(2)aR) = qr 



for all G Al and a/j G Ar. This proves (ii). Since by ( 2.23 ) and the definitions ( |5.1| ) 



5r(1(i))1(2) = 1(i)S'l(1(2)) = 1, we also conclude Inde|^^ = 1. Hence, by (|5j), x^ y^ G 
Aa <X) (^cr)op provides a separating idempotent, proving part (iv). Finally, part (iii) also follows 
from Lemma since Al and Ar commute. ■ 



Proposition 5.2 in particular implies that for abelian Al/r our bimonoidal weak bialgebras 



reproduce the face algebras in the sense of T. Hayashi [Ha]. 



6 Rigid Weak Bialgebras 

In this Section, adapting ideas of Drinfeld [Dr] for quasi-Hopf algebras, we propose axioms for 
a so-called rigidity structure on a monoidal weak bialgebra A, such that Rep A becomes a rigid 
monoidal category. In the sequel this will also motivate our antipode axioms in Section 7. Unless 
noted differently, throughout this Section we suppose A to be monoidal. 

Let us recall from Corollary |2.9| that the unit representation tTs of a monoidal weak bialgebra 
A may also be realized on Alr = eLR{A), considered as an ^-module via 



T^LR{a)b := eLR{ab), a e A, b e Alr. 



(6.1) 
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The equivalence ttlr — T^e follows from ( 2.43 ) and (|2.44 ). In this way, in this Section we 
identify £ = Alr- Moreover, by Corollary 2.5 we may identify Arl = £ as the dual of £, with 
nondegenerate pairing given by 



£ (^£ 3 (a^b) e{ab) G K , 



3.2) 



Also recall that in the monoidal case A^a' = ■N'aa'iA). With the present identifications the 
morphisms Ly : £ xV ^ V and Ry : V ^ V x £ in Rep A introduced in ( 2.10 ) and ( 2.11 ) with 
inverses ( p. 16 ) and ( |2.17 ) now take the form 



Lviv) 



eLR(l(i)) 1 
= £LR{a) ■ V = 



i2)-V 

~- a ■ V 



Rv{v) 
Ry\v 



1(1) • V®£lr{1{2)] 

a) = eRR{a) ■ v 



(6.3) 
(6.4) 



where v and a G Alr. After these identifications we are prepared to give the 



Definition 6.1 i) A pre-rigidity structure (S, A,B) on a monoidal weak bialgebra A consists 
of an anti-algebra map S : A ^ A and elements A G ^ ® £" and B G .A satisfying for all 
a€ A 

S'(a(i))^*a(2) (g)e' = A'(S) eLR{ae') 



& ® an)B'S{a,2)) = £RL{e'a) O B' 



(6.5) 
(6.6) 



where A = ^4* (8) e* and B = e* (8) -B* and where summations over i are understood. 

ii) A pre-rigidity structure (S, A, B) is called a rigidity structure if in addition the elements 

a := {id ® e)(A) and (3 := {e ® id)(B) satisfy 



l(i)/?'S'(l(2))al(3) = 1 
5(l(i))al(2)/35(l(3)) = 5(l) 



(6.7) 
(6.8) 



We also call (A, 1, A, e, S", A, B) a rigid weak bialgebra. We point out that these axioms are 
somewhat reminiscent of - and also motivated by - Drinfel'd's antipode axioms for quasi-Hopf 
algebras [Dr]. Also, one should maybe call this a left rigidity structure, and one may similarly 
define a right rigidity structure on A as a left rigidity structure on Aop- Note that if {S, A, B) 
is a rigidity structure on A then (5, Bop, Aop) is a rigidity structure on A^'^. 

Given a pre-rigidity structure (S*, A,B) on A one obtains on Rep A a contravariant conju- 
gation functor y — > y as follows. Let F be a left ^-module with dual right ^-module V and 
define V := V ■ 5(1). Then V becomes a left ^-module via 



a • u 



u • S{a), n G a G ^. 



In this way the assignment V ^ V provides a contravariant conjugation functor in Rep A, where 
for ^-linear morphisms T : V ^ W we put T := T^\t^ : W ^ V , T* being the transpose of T. 
The terminology "conjugation" is justified by the following Lemma, where for left A- modules 
V we also use the notation T[y{a)v = a ■ v, a € A, v G V , where nv ■ A ^ Endi^y denotes the 
representation homomorphism. 

Lemma 6.2 A pre-rigidity structure (S", A,B) on A provides in Rep A a family of A-linear 
morphisms Ay : V x V ^ £ and By : £ ^ V x V given by 

Ay{u v) := {u\A'- v)e' = {u \ 5(l(i))al(2) • v)!^^) e Alr = £ (6.9) 

By{a) := e{e^a)Tiy{B^) = vry (a(i)/?5(a(2))), a&ALR = £, (6.10) 

where a := {id®e){A), (3 := (e(g)id)(B), and where in we have identified V^SiV = Endx V. 
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6 RIGID WEAK BIALGEBRAS 



Proof: The second identity in ( |6.10| ) follows from (|6.6[) and e = eoejn^ and the second identity in 



|6.9|) follows from Lemma 6.4 below. The fact that Ay and By are ^-linear follows immediately 



from ( |6.5D , (|6.6D and the identities e{ahc) = e{eRL{ab)c) = e{aeLR{hc)) for all a,6, c G A, see 



Lemma 2.7 



In order that the family of morphisms Ay , By indeed provides a rigidity structure on Rep A we 
also need the axioms ( |6.7| ) and (|6.8|). 

Proposition 6.3 A pie-rigidity structure {S, A, B) on A is rigid, if and only if, under the 
setting of Lemma 6J, we have for all V in Rep A the rigidity identities 

Ry^ o {ly X Ay) o {By X ly) o Ly = ly (6.11) 

L^^ O {Ay X ly) O {ly X By) O Ry = ly . (6.12) 

Proof: Using ( |6lo|) , (U) and £r ° £lr = £r and identifying V V = Endx^ we have for 

{By X ly){Ly{v)) = VTy (l(i)/35(l(2) )) 1(3) • V. 

Similarly, for VjW (zV and u £V we get 

[Ry^ o {ly (g) Ay)]{v (g)u^w) = e(l(2)e-')(u I A^ ■ w)l(^i) ■ v = {u \ 5'(l(2))al(3) • li')l(i) • v 
by d^) and {§^. Hence 

[Ry^ o {ly X Ay) o {By X ly) o Ly]{v) = (l(i,)/35(l(2o)) (5(1(2) )«! (3))1(3') • V 



l(i)/?5'(l(2))al(3) 



V = V. 



by (|6.7|) . Using (p.SD the identity (|6.12D follows similarly. Putting U = ^ we see that the axioms 
(6.7) and (B]B) are also necessary. ■ 



We leave it to the reader to check that for ^-linear morphisms T : V ^ W and T = T^l^y '■ 
W the definitions (|]|) and (|6loD imply 

f = L^^ o{Ay Xly)o{ly xT Xly)o{ly X By)oRy . 
T = Ry^ o{ly X Ay)o{ly xf Xly)o{By Xly)oLy 

expressing the standard isomorphism Hom_4 (U, W) = Hom_4 (W , V) in rigid monoidal cate- 
gories. 

Next, we point out that for any (pre)rigidity structure {S, A, B) on A the elements A and 
B are already uniquely determined by a = (id (g) e)(A) and /? = (e (g) id )(B). 

Lemma 6.4 Let {S, A, B) be a pre-rigidity structure on A. Then 

A = 5(l(i))al(2)®l(3) (6.13) 
B = l(i)^l(2)/?5(l(3)) (6.14) 

Proof: Using e = e o elji = e o Erl we compute 

A = (id ^ffLi?,) (A) = A* O 1(2)6(1(1)6*) = 5(1(1) )al(2) 1(3) 

B = (£iiL0id)(B) = 1(1)6(6*1(2)) ®S* = 1(1)® 1(2)/35(1(3)) ■ 
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Lemma |6.4] implies that the axioms for rigidity structures (5, A, B) may equivalently be refor- 
mulated in terms of the data (5, a, /3). To this end, for x A and S : A ^ A an anti-algebra 
map let us introduce the left and right "S'-adjoint" actions 



:<]sa := 5'(a(i))xa(2) , asC>x := a(i)x5(a(2)) 



(6.15) 



Proposition 6.5 Let S : A ^ A be an anti-algebra map and let a,f3 € A satisfy ao^ 1 = a 



' 1(2) and B := l(i) ( 



L{2), 



and ls>P = P- Put A := a<sl(i)< 
{S, A, B) provides a pre-rigidity structure on A if and only if for all a G A 

a<sa = a<seRL{a) , a s> P = eLR{a) s> P 

If in addition a or P are invertible, then S{1) = 1. 



s> P as in ( |6J^ and ( [6Ji| }. Then 



.16) 



Proof: By Definition |6.1| , {S, A, B) provides a pre-rigidity structure if and only if for all a £ ^ 



a<s (l{i)a) ® 1(2) 
1(1) (g) al(2) s>P 



a<i5l(i) (g)eLij(al(2)) 
ei?L(l(i)a) ® 1(2) S>P 



(6.17) 
(6.18) 



Applying id® £ and e (8) id, respectively, yields ( |6.16| ). Conversely, using the identity 



ei?L(l(i)a) ® 1(2) = l(i/)e(l(i)al(2')) ® 1(2) = 1 



Eq. (16.161) implies ( leTzl ) and (|6l8|) . Finally, we have a = 
P = PS{1). Hence, if a or /3 are invertible, then S{1) = 1. 



(1) (^eLi?,(al(2)), (6-19) 
S'(l(i))al(2) = S{l)a and similarly 



Note that the normalization conditions a <]5 1 = a and 1 50 /3 = /? in Proposition 6.5 are imposed 



to reproduce the original identities a = (id (g) e)(A) and /? = (e (8) id)(B). In view of Lemma 



6.4 and Proposition |6.5| we will from now on equivalently talk of (pre)rigidity structures on A 
given by the data (5, a, P). 

Next, we recall from [Dr] that there is a natural notion of twist equivalence for rigidity 
structures {S, a, P). Let u,u ^ A satisfy 



uu = S{1) 



uuu = u 



uuu = u, 



and put 



S'{a) := uS{a)u, , a' := ua , P':=Pu. 



(6.20) 



(6.21) 



Then Proposition 6^ assures that {S' , a', P') again provides a rigidity structure. The inverse 
transformation is given by interchanging u and u. One also checks that this indeed provides 



an equivalence relation. In Proposition of Appendix B we will show that any two rigidity 
structures on a monidal weak bialgebra are twist equivalent in this sense. 

In ordinary bialgebras S : ^ — > ^ is an antipode if and only if (5, a = 1, /3 = 1) is a 
rigidity structure. Thus, to approach and motivate our antipode axioms in Sect. 7, we now 
study rigidity structures satisfying a = P = 1. 

Definition 6.6 A (pre-)rigidity structure (5, a, P) is called normalizable, if a = P~^, and it 
is called normal, if a = /? = 1. In this case 5" : .A ^ ^ is called a normal rigidity map. 
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In Example 2 of Appendix D we will construct a rigid weak bialgebra whose rigidity structure 
is not normalizable. 

Clearly, a rigidity structure is normalizable, if and only if it can be twisted into a normal 



one. Thus, by Proposition B3 a normal rigidity map S on a monoidal weak bialgebra is uniquely 
determined, provided it exists. We refrain from calling such an S an antipode, since in general 
the dual S = : A ^ A will not be of the same type. Our antipode axioms in Sect. 7 will 
be symmetric under the duality flip S* <-> 5. We will see in Sect. 8 (Corollary |8.5| ), that on 
bimonoidal weak bialgebras 5" is a normal rigidity map if and only if it is an antipode. 

To approach these results let us now introduce, following [BSz], the linear maps : A —> 
A given by 

n|(a) := a5>l = a(i)5(a(2)) , nf (a) := 1 <5 a = 5(a(i))a(2) • (6-22) 



Then Proposition |6.5| immediately implies 

Corollary 6.7 An algebra antimorphism S : A ^ A on a monoidal weak bialgebra A is a 
normal pre-rigidity map if and only if 



L ^ — — r-\L r~\R ^ ^ — 

(6.23) 



ni(i) = 1 , nf(i) 



Let us next observe that the antipode axioms of [BSz] would imply (see Appendix A) 

n^s = ^LR , n§ = eRL (6.24) 



from which the identities ( |6.23| ) would follow by Lemma 2.7. We now show, that converseley 



( 6.23 ) implies (|6.24| ) if and only if Aa,L = Aa,R, for a = L and a = R. To this end let us 



introduce the linear spaces 

where from now on we simplify our notation by writing □^/■^ = n^^^. Then A^^^ naturally 
becomes a left (right) ^-module under the left (right) ^-adjoint action 

s> : A® A^ ^ A^ , <is -A^^A^ A^ ,^ 25) 
a^ox := a(i) x5(a(2)) , y a := 5(a(i)) y 0(2). 

It turns out that these ^-modules are isomorphic to Aa,R and Aa,L-, respectively, with left (right) 
A actions 

■KaR{a)x := £a,R{ax), a e A, X e Aa,R- (6.26) 

yTTaL{a) := e„^L{ya), a e A, y £ Aa,L ■ (6.27) 

Theorem 6.8 Let A be monoidal and let S be a normal pre-rigidity map on A. Then for 
a G {L,R} 

A^ = All A^ = Arr (6.28) 

oe^^R = n^o e^,L = (6.29) 

OELL = SLL o e^^ = ERR (6.30) 

oeRL = SoERL n^oeLR = SoELR (6.31) 

eRon^= ER EL on^ = EL, (6.32) 



^By Lemma |2.7| and Corollary ^.8| th e right ^-modules Aa.L are dual to the left ^-modules Aa,R., where the 



nondegenerate pairing is given by (2.37) 
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and we have the following commuting diagrams of left (right) A-module isomorphisms. 





(6.33) 



A 



RR 



Arr. 



A 



n 



R 



LL 



Here, in the left diagram we consider Alr, Arr and All = A^ as left A-modules with A- 
actions ( l6.26|) and ( |6.25| Left), respectively, and in the right diagram we consider Arl, All 3.nd 
Arr = .4^ as right A-modules with A-actions (6.27) and (6.29^Right), respectively. 



Proof: By passing is enough to prove the left statements. Eq. ( |6.29| ) follows from 

and the identities elr = £lr£rr and efil = ^rl^ll, see Lemma p.7| . Eqs. ( |6.30[ ) and 
follow from Aan 



(6.23 



(6.31 



A^ = n^iARR) by ( |09| ) this imphes 



Macr'iA). In particular, this also gives All C A . Together with 



dim All < dim^^ < dim Arr 



(6.34) 



and hence equality by ( 2. 421 ), thus proving ( 6.28p ^eft). Let us now turn to the left diagram 
in (6.33). First, by Corollary ^ ejj/j : Alr — > Arr is an ^-linear bijection with inverse 
^LR ■■ Arr Alr- Second, by (|6.29| ) and (|6.26| ) : Aa,R ^ A^ = All is ^-linear and 
surjective, whence bijective by (2.42). Third, by ( |6.29| ) and ( |6.30| ) 



^ °£rr\a. 



o£Lr\All 



LL 
LL 



and therefore 



(rf 



£a,R\ALL 



(6.35) 



Finally, the diagram commutes, since slr^rr = slr by Lemma |2J. We are left to prove 

( 6.32 Left), which follows since Sji = EhElir by Lemma and since ( |6.35|) implies e/jjj = 
£rr o o Err, whence 

ej^oU^ = Ero Err oU^ o Err = Ero Err = Er 



by (6.29). 



Corollary 6.9 Under the setting of Theorem we have 



n 



R 



£lr 
£rl 



All = Alr 
Arr = Arl . 



(6.36) 
(6.37) 
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7 THE ANTIPODE AXIOMS 



Proof: By passing to A'^^ it suffices to prove the first statement. If = elr then All 
n-^(^) = Alr- Converseley, if All = Alr, then elrIall ~ (OSjLeft) implies ^^\abm 



£lr\arr- Hence, by Lemma ^ 



= o e^^ = ElR o Err = ElR ■ 



Note that the conditions of Corollary |6.9| are in particular satisfied if A is bimonoidal, yielding 
Al = All = Alr and Ar = Arr = Arl- In the next Section we will take the left hand side 
of Eqs. (|6.36|) and (|6.37|) as the defining relations for a pre-antipode S. 



7 The Antipode Axioms 

Let us first understand why for general weak bialgebras the ordinary antipode axioms 

'S'(«(i))«(2) = a(i)5'(a(2)) = e(a)l, a^A (7.1) 



would be too restrictive. Call a linear map S : A ^ A satisfying (7.1) a Hopf antipode. As 
for ordinary Hopf algebras, a Hopf antipode S would be the inverse of id_4 in the convolution 
algebra (End/^-^, *), where {S * T){a) := S'(a(i))r(a(2)). Also, if 5 is a Hopf antipode on A, 
then 5 := 5* is a Hopf antipode on A. 

Lemma 7.1 Let {A, 1, A,e) be a weak hialgehra with Hopf antipode S. Then 
i) £LR{a) = £RL{a) = e(a)l, Va G A. 

a) A is right-monoidal iff e is multiphcative, in which case A is also monoidal. 
Hi) A is right-comonoidal iff A(l) = 1^1, in which case A is also comonoidal. 



Proof: The unit in (Endx A, *) is given by a i— > e(a)l. Hence, if id^ has a convolution inverse 
S, part (i) follows from the identities 

£lr * id^ = id^ = id^ * erl (7.2) 



which one gets by putting 6 = 1 in (2.23). Part (ii) follows by applying e to ( 2.27| right) to get 



e{ab) = e{a)e{b), and part (iii) follows by duality. 



Lemma 7.1 shows, that in general the Hopf antipode axioms ( |7.1j ) are too restrictive. Instead, 
motivated by our analysis of rigidity structures in Sect. 6 and in particular by Corollary 3.9 we 
now define 

Definition 7.2 A pre-antipode S* on a weak bialgebra ^ is a linear map S : A ^ A satisfying 
for all a E .A 

«(i)5'(a(2)) = ^Lij(a) , 'S'(a(i))a(2) = eRL(a) (7.3) 
A pre-antipode S is called an antipode, if 

'S'(a(i))a(2)5'(a(3)) = 5(a), Va G ^ (7.4) 



Note that by ( |7.2| ) a pre-antipode always satisfies 

a(i)S'(a(2))a(3) = a, Va G ^ 



(7.5) 



27 



In (EndxA,*) the identities (|7.3| ), (|7.4| ) and ( [T.SD can be rewritten, respectively, as 

id^ * 5 = elr , 5 * id^ = erl (7.6) 
S * id_A * S = S , id^ * S * id^ = id^i . (7-7) 

Hence, in (Endi^ A, *) an antipode S may be considered as a "quasi-inverse" of id^. Also note 
that if 5 is a (pre-) antipode on A, then it is also a (pre-) antipode on A'^'^ and by ( 2.24 ) its 



transpose S" is a (pre-) antipode on A. By Lemma fl^) a Hopf antipode is always an antipode, 
and a pre-antipode is a Hopf antipode iff eiRio) = £rl{cl) = e(a)l, Va S ^. Moreover, we have 

Lemma 7.3 i) A weak bialgebra A has at most one antipode S. If A has a preantipode Sp 
then Elr* £lr = ^LRi ^rl * £rl = ^rl and S := Sp* id_4 * Sp provides an antipode. 
a) If a pre-antipode S is anti-multipUcative, then S{1) = 1, and if it is anti-comultiphcative, 
then e o S = e. 



Proof: (i) If 5i and 5*2 are antipodes, then Si = Si*id^*Si = S'i*id^*S'2 = S'2*id_4*S'2 = ^2 



If Sp is a preantipode, then by (|7.2D elr. * £lr = ^lr. * id^ * Sp = id^ * Sp = elr and similarly 
£_RL * £rl = £rl- Hence S := Sp* id^ * Sp is an antipode. (ii) If 5" is a pre-antipode satisfying 
S{ab) = S{b)S{a) then, using £^^(1) = 1, S{1) = S(l)5(li)l(2) = 5(li)l(2) = 1- The 
statement for anti-comultiplicative S follows by duality. ■ 

Lemma 7.4 A pre-antipode S on a right-monoidal or right-comonoidal weak bialgebra A is 
an antipode, if S is anti-multiphcative or anti-coniultiphcative. 

Proof: By duality it is enough to consider the case of S being anti- multiplicative. If A is 
right-comonoidal, then a(]^) cgi SLR{ci{2)) = ® 1(2) by the dul of ( 2.25| right). Hence, 



'S'(a(i))a(2)5'(a(3)) = S{a^i))eLR{a^2)) = Sia)S{l(i))1^2) = Sia) . 
If instead A is right-monoidal, then for all a,b £ A 

eLR{a)S{b) = a(i)5'(6a(2)) = a(i)e(6(i)a(2))S'(6(2)a(3)) 
= ei?L(fe(i))a(i)5'(&(2)a(2)) 
= 'S'(fe(i))&{2)a(i)5'(6(3)a(2)) , 

where in the second line we have used (|2.30| right). Putting a = 1 we conclude that S is an 
antipode. ■ 

Corollary 7.5 An algebra antimorphism S on a nionoidal weak bialgebra A is a pre-antipode 
(and therefore an antipode) if and only if S is a normal pre-rigidity map and Aa,L = A^^r, for 
a = L and a = R. 



Proof: This follows from Lemma lA and Corollary |6.9| , since ( |7.3| ) is the same as (|a24| ), and 
therefore implies (|6.23| ). ■ 

In ordinary bialgebras an antipode is always a bialgebra antimorphism and hence a normal rigid- 
ity map. In weak bialgebras, the following Theorem analyses necessary and sufficient conditions 
for an antipode S to be anti- multiplicative and/or anti-comultiplicative. 
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7 THE ANTIPODE AXIOMS 



Theorem 7.6 Let A be a weak bialgebra with pre-antipode S and consider the following 
additional properties: 



la) S is anti-multiplicative. lb) 
Ic) [Alr,Arl]=0. Id) 



Then the following implications hold 

li) 
lii) 

mi) 



la) + lb) 
la) + Ic) 
16) + Ic) + Id) 



Similarly, consider the following properties 

2a) S is anti-comultiplicative. 
2c) [Alr,Arl]=0. 

Then the following implications hold 



2b) 
2d) 



2i) 2a) + 26) 

2ii) 2a) + 2c) 

2iii) 26) + 2c) + 2d) 



A is right-monoidal. 
S is an antipode. 



Ic) + Id) 
lb) + Id) 
la) 



A is right-comonoidal. 
S is an antipode. 



2c) + 2d) 
26) + 2d) 
2a) 



Proof: Part 2.) is the dual of part 1.). Le us first prove liii). If A is right-monoidal, then by 
(|2]27|right) 

a(i)b(i)S{b^2))S{a^2)) = a(i)eL/?(ft)'S'(a(2)) = ^(a(i)6)a(2)5'(a(3)) 

= eLij(e(a(i)6)a(2)) = eLR{aeLR{b)) 

= ELRiab) = 0(1)6(1)5(0(2)6(2)) , 

where in the last line we have used Lemma |2.71 r. The same argument in .4,™^ gives 

S'(a(i)6(i))a(2)6(2) = 5'(6(i))S'(a(i))a(2)6(2) • 

Hence, using [Alr,Arl] = and ( JT^ 

S{ab) = 5'(a(i)6(i))a(2)6(2)S'(a(3)6(3)) 

= '5(^(1)) '5(0(1) )a{2)fe(2)5'(6(3)) 5(0(3)) 
= S (6(1) )6(2) S (6(3) )S'(a(i) )a(2) S (0(3) ) 
= S{b)Sia), 

proving part liii). To prove l.ii) let [Alr,Arl] = and S anti-multiplicative, then by (|7.5|) 

aeLR{h) = a(i)5'(a(2))a(3)6(i)S'(6(2)) 
= a(i)^(i)5'(6(2))5'(a(2))a(3) 
= a(i)6(i)S'(a(2)6(2))a(3) 
= £LR{a{i)b)a(2) ■ 

Hence, by ( 2.27| right), A is right-monoidal and by Lemma 7.4 S is an antipode. Finally, to prove 
l.i) assume S anti-multiplicative and A right-monoidal. Then S is an antipode by Lemma 7.4 , 
and Eq. ( 2.27| right) implies for all a,b € A 

aeiRih) = a(i)6(i)S'(a(2)6(2))a(3) = a(i)eLR{h)eRL{a(2)) ■ (7.8) 
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Hence, 



= £RLia(i))b(^i)S{a(2)b(^2))0'{3) 

= ^(i)e/?L(a(i)fe(2))'S'(a(2)^(3))a(3) 

= ^(1) '5(0(1) 6(2) )a(2) 

= £LR{b)eRL{a) , 



where we have used (7^) and (|7.8|) in the first hne, ( [7. 3D in the second line, (|2.3C right) in the 



third hne and the antipode identity S{a) = £RL{a(i))S{a(2)) ( [7 .41 ) in the fourth line. Hence, 
Alr and Arl commute. ■ 

Corollary 7.7 Let A be a monoidal weak bialgebra with antipode S. Then [Alr, Arl] = if 
and only if All = Alr and Arr = Arl, and in this case S is a normal rigidity map. 



Proof: By part 3.) of Proposition |2]^ [Alr, Arl] = follows from All = Alr. and Arr = Arl- 
Conversley, if [^l_r,^_rl] = then S is anti-multiplicative by Theorem ^!^(liii) and Corollary 



7.7 follows from Corollary 7.5. 



Note that the conditions of Corollary 7.7 in particular hold if A is bimonoidal. 



Next, we provide conditions under which an antipode S is invertible by using an invertibility 



result for rigidity maps proven in Theorem B6 of Appendix B. To this end we need the counit 
to be S'-invariant. 



Lemma 7.8 Let S be an antipode on A and assume the axioms (r) of Lemma 2.7, i.e. e{ab) = 
e(al(2))e(l(i)6), Va, b ^ A. Then e o S = e and, more generally, 

EloS = elo £lr , ero S = £rO Erl (7.9) 



Proof: Using Lemma p.7| and ( |7.4D we compute 

eL{S{a)) = eL{eRL{a(i))S{a(2))) = eL{a(i)S{a(2))) = £L{eLR{a)) . 



The second identity in ( [7.9D follows by passing to A'^°j^. Pairing these equations with 1 G ^ and 
using e o e^^i = e we get e o S = e. ■ 

Since the condition (r) of Lemma |2.7| in particular holds if A is right-monoidal we arrive at 

Corollary 7.9 Let A be a weak bialgebra with pre-antipode S. If A is monoidal (comonoidal) 
and S is anti-multiplicative (anti-comultiplicative) , respectively, then S is bijective. 



Proof: If A is monoidal and S is anti-multiplicative, then S is an antipode by Lemma 
£ o S = e hy Lemma f7.8|, S{1) = 1 by Lemma |7.3| and 5 is a normal rigidity map by Corollary 



7.5. Hence, the invertibility of S follows from Theorem |B6|. The "co" -statement follows by 



duality. ■ 

Finally, we show that under the conditions of Corollary |7.9| is an antipode on Aop and A'^°^. 
As for ordinary Hopf algebras, we call such a map a pode. 
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7 THE ANTIPODE AXIOMS 



Definition 7.10 A pre-pode 5* on a weak bialgebra ^ is a linear map S : A ^ A satisfying for 
all a G ^ 

a{2)S{a^i)) = eRR{a) , S{a,^2))a(i) = £LL{a) ■ (7.10) 
A pre-pode S is called a pode, if 

'5(a{3))a{2)'5(a{i)) = 5(a), VaG^. (7.11) 

One immediately checks that the above axioms are precisely the antipode axioms in Aop and 
^cop -por ordinary Hopf algebras the inverse of an antipode is always a pode. In our setting we 
have 

Lemma 7.11 Let A be a weak bialgebra with invertible pre-antipode S. 

1. ) Assume S anti-multiplicative. Then is a pre-pode if and only if 

£LR = S o Err , Erl = S o ElL ■ (7-12) 

In this case S is an antipode and S^^ is a pode. 

2. ) Assume S anti-comultiplicative. Then is a pre-pode if and only if 

£lr = £ll o S , Erl = £rr o S . (7.13) 
In this case S is an antipode and S^^ is a pode. 



Proof: Part 2.) is the transpose of the dual version of 1.). To prove 1.) assume S{ab) = S{b)S{a) 
and apply to ( [7.3| ) to obtain 

5'"^(a(2))a(i) = S'^{ERL{a)) . 



a{2)S = S ^{£LR{a)) 



Hence, ( 7.12 ) is equivalent to 5" ^ being a pre-pode. In this case 5 ^ is also a pode and 5 is 
also an antipode, since 

5'(a(i))a(2)5'(«(3)) = 'S'(eKi?X«(2))«(i)) = 'S'(a) 
5"^(a(3))a(2)S'~Ha(i)) = S'"^(a(i)ei?x(a(2))) = S~^{a) 



by the identities ( 2.23 ) for 6 = 1. 



The conditions of Lemma 7.11 in particular hold if A is monoidal or comonoidal, respectively. 

Proposition 7.12 Let A be (co-)monoidal and S : A ^ A a (co-)algebra anti-automorphism, 
respectively. Then S is a pre-antipode (and therefore an antipode) if and only if S"^ is a 
pre-pode (and therefore a pode). 



Proof: If A is monoidal we have ^o-o-' = -^aa' i-^) > and if S is an anti- multiplicative pre-antipode 



then it is an antipode by Lemma 7A and (a) € AfRiiA) by Corollary [7.5[ Hence, by Lemma 
£LRia) = £LR{eRR{a)) = £RR{a)(i)S{ERR{a){2)) = l(i)5'(eRR(a)l(2)) = S{ERR{a)) . 



The same argument in A^°^ yields erl = S o ell, whence S^^ is a pode by Lemma 7.11 . 
Repeating these arguments in Aop yields the inverse implication. Finally, the "co" -statements 
follow by duality. ■ 
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8 Weak Hopf Algebras 

In order to obtain an explicitely selfdual notion of weak Hopf algebras the following Definition 
will be appropriate. 

Definition 8.1 A weak Hopf algebra ^ is a bimonoidal weak bialgebra with antipode S. 

Hence, if {A, S) is a weak Hopf algebra, then its dual {A, S) is also a weak Hopf algebra. In 
this Section we will show that in a weak Hopf algebra A the antipode S is always a bialgebra 
anti-automorphism and that is a pode. If S is already known to be anti-(co)multiplicative, 
then part of the bimonoidality axioms may be dropped or replaced altogether by the requirement 
= 0. We also show that on bimonoidal weak bialgebras S is an antipode if and only 
if it is a normal rigidity map. As an application, the generalized Kac algebras of [Ya] will then 



be shown to be weak Hopf algebras with an involutive antipode. The relation of Definition 3.1 
with the axioms of [BSz,Sz] will be clarified in Appendix A. Let us now first observe 

Lemma 8.2 A weak Hopf algebra A with antipode S is an ordinary Hopf algebra, if and only 
if one of the following conditions hold. 

i) e is multiplicative 

ii) A(l) = 1 ® 1 

Hi) S is a Hopf antipode. 



Proof: Clearly, (i)-|-(ii) =^ (iii), and in this case A is an ordinary Hopf algebra. Conversely, (iii) 
=^ (i)+(ii) by Lemma ^ and if A is bimonoidal then (i) <^ (h) by (|2.45D and (|2.47| ). ■ 



Proposition 8.3 For a weak bialgebra A with pre-antipode S the following equivalencies hold: 

i) A is comonoidal and S is anti-multiplicative 

ii) A is monoidal and S is anti-comultiplicative 

iii) A is bimonoidal and S is an antipode. 



Proof: If A is bimonoidal, then = and = and in this case, by Theorem 



7.6, an antipode 5 is a bialgebra anti-homomorphism. This proves (iii) =^ (i)-|-(ii). Assume now 



(i). Then comonoidality implies [^Lj^ij] = and by part Iii) of Theorem S is an antipode 



and A is right-monoidal. Thus, A is bimonoidal by Corollary 3^. This proves (i) ^ (iii). The 
implication (ii) =^ (iii) follows by duality. ■ 

Corollary 8.4 In a weak Hopf algebra we have S\_a^^j^ = S^/ji as given in ( jS. Jj ). 

Proof: If S* is a pre-antipode then 5(l(i))l(2) = 1 = l(i)5'(l(i)) implying for a € Al 

Siia) = SRiia) = S'(a(i))a(2) = 5(l(i)a)l(2) = S(a)5(l(i))l(2) = S{a) 
and similarly 5/j(6) = 5(6) for 6 G Ar. ■ 

Corollary 8.5 A linear map S : A ^ A on a bimonoidal weak bialgebra A is an antipode if 
and only if S is a normal pre-rigidity map. In this case S is always a bialgebra anti-automorphism 
and is a pode. 
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8 WEAK HOPE ALGEBRAS 



Proof: This follows from Proposition W^, Corollary Corollary and Proposition 7.12 



In specific examples the (co)monoidality axioms are typically much harder to verify then anti- 
(co)multiplicativity of the antipode. In this light the following Theorem is very useful. 

Theorem 8.6 Let A be a weak hialgebra with pre-antipode S and assume S to be a bialgebra 
anti-morphism. Then the following statements are equivalent: 
i) S is an antipode and A is a weak Hopf algebra, 
a) A is bimonoidal 

Hi) A is right-monoidal and right-comonoidal 

iv) [Al,Ar] = 

v) [Al,Ar]=0 



Proof: If A is bimonoidal, then S is an antipode by Lemma |7.4| , thus proving (i) ^ (ii). The 
implication (ii) =^ (iii) being trivial let us next prove (iii) =^ (iv)+(v). By Theorem |3.5| part 
(iii) implies Aa = A^a' and Aa = Aaa' for o- 7^ cr' E Thus, (iv) and (v) follow from 

li) and 2i) of Theorem |7.6| . Finally, given [^^,^7?] = 0, part Iii) of Theorem |7.6| implies 
right-monoidality, and by Lemma |3.8| also left-monoidality. The dual of Corollary |3.7| then gives 
= 0. Dualizing this argument we also conclude that = implies [^l5-4_r] = 

and comonoidality. This proves (iv) <J4> (v) and (iv)+(v) =^ (ii). ■ 

We close this Section by proving that the generalized Kac algebras of T. Yamanouchi [Ya] 
are special kinds of weak Hopf algebras. Following [Ya] a generalized Kac algebra is a finite 
dimensional von Neumann algebra A equipped with a coassociative non-unital *-algebra map 
: A ^ A® A, a, *-preserving involutive bialgebra antiautomorphism S : A^ A and a positive 
faithful 5-invariant trace A on ^ satisfying 

a(i)A(6a(2)) = S'(6(i))A(6(2)a), Va,6€A (8.1) 

It follows [Ya] that A also admits a counit e. Hence, A is in fact a weak Hopf algebra, since we 
have more generally 

Theorem 8.7 Let (^, l,A,e) be a weak bialgebra and S : A^ A a bialgebra antiautomor- 



phism. Assume there exists a nondegenerate A € ^ satisfying (8.1). Then S is an antipode and 
A is a weak Hopf algebra. 

Proof: First we prove that A is monoidal. Let l,r A he the unique solutions of 

/^A = e = A^r. (8.2) 

Then for all a G ^ 

Hence, for a,b G A, 

a(i)e(6a(2)) = a(i)A(r6a(2)) = 5(6(i))5(r(i))A(r(2)6(2)a) = S'(6(i))6(2)a 
= l(i)e(61(2))a = eRL(^')a, 
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where the second Une follows by putting a = 1 in the first line. Thus, by ( 2.30| right), A is right 
monoidal. Similarly, 

a(i)e(a(2)6) = a^i)X{a^2)bl) = 'S'^H^(i))5'"^(^(i))-^(«^(2)^(2)) = «^(2)5'"H&(i)) 
= al(i)e(l(2)^) = aeRR{b) 

and, by (^37|left), A is right monoidal. In particular, we also get 5'(6(i))6(2) = ^RL{b) and 
therefore also, putting 6 = 5(a), 

b{i)S{b(^2)) = S{S{a(i))a(2)) = {S o erl o S'^){h) = SLnib) . 
Thus, is a pre-antipode and the remaining claims follow from Proposition |8.3| ii). ■ 



A deeper investigation of weak Hopf algebras including a theory of integrals and C*-structures 
will be given in [BNS]. In particular, there we will see that is one of the defining relations 



of a left integral X €z A and that the elements l,r defined in ( 8^ ) are nondegenerate left and 
right integrals, respectively, in A satisfying I = S{r). This generalizes well known results for 
ordinary finite dimensional Hopf algebras by [LS]. 

Appendix 

A The Bohm-Szlachanyi Axioms 



In this Appendix we relate our Definition 8.1 of weak Hopf algebras to the setting of G. Bohm 



and K. Szlachanyi. In [BSz,Sz] the authors required ^ to be a weak bialgebra satisfying the 



"almost-monoidality" axioms L and R of Lemma 2.7. Moreover, the antipode S was required to 



be a bialgebra anti-automorphism satisfying the following two equivalent relations for all a G „4 
5(0(1) )a(2) <8)a(3) = (1 a) A(l) , (g) a(2)5(a(3)) = A(l)(a (g) 1) . (A.l) 



Note that if S is not required to be invertible, then the two relations in (A.l) are independent 



of each other. We now show that the BSz-axioms are equivalent to our Definition |8.1| 



Lemma Al A linear map S : A ^ A on a weak bialgebra A satisfies ( |A.i ) if and only if A 



is right-comonoidal and S is a pre-antipode. In tliis case A is a weak Hopf algebra and S is an 
antipode (whence invertible by Corollary if and only if S is a bialgebra anti-morphism and 
tlie counit axiom ( ]^.3t ) liolds, i.e. 



e{ab) = e(al(2))e(l(i)6), Va, 6 e ^ . (A.2) 



Proof: Applying (id (g e) and (e ® id), respectively, to (AT) proves that 5 is a pre-antipode 



Hence, (AT) also implies 



eRL(a(i)) a(2) = (1 <8) a)A(l) 



i(i) «'eLR(a(2)) = A(l)(a 



(A.3) 



and by the duals of ( |2.25| right) or ( |2.28|r ight) A is right-monoidal. Conversely, if A is right- 
monoidal then ( A.3 ) holds, implying ( |A.lD for any pre-antipode 5. Next, if A is right-monoidal 
then (|A.2| ) is equivalent to A being also right-comonoidal by Lemma p.lOj iv). In this case S is 
an antipode and ^ is a weak Hopf algebra if and only if 5 is a bialgebra anti-morphism, see 
Proposition and Theorem kE. ■ 



34 



APPENDIX 



Next, we remark that if K = C and ^ is a weak *-bialgebra (i.e. a *-algebra such that the 
coproduct is a *-algebra homomorphism) , then e{a*) = e(a), a & A, and therefore ( |A.2| ) is 
equivalent to 

e{ab) = e(al(i))e(l(2)6), Va, 6 G ^ , (A.4) 

which is actuahy the axiom postulated in [BSz]. One readily verifies that in a weak *-bialgebra 
also our left- and right- (co)monoidality axioms are equivalent. Based on this observation we 
now show that in the *-algebra setting of [BSz] the axioms ( |A.2| ) and ( A.4 ) are in fact redundant, 
as well as the BSz-requirements S{a*)* = S~^{a) and Ao S = {S (gi S) o Aop- 

Lemma A2 Let A he a weak *-hialgehra and let S : A ^ A be an algebra anti-morphism. 
Then S satisfies ( |A.l ) if and only if S is an antipode and A is a weak Hopf algebra. Moreover, 
in tills case S is a bialgebra anti-automorphism and S{a*)* = S~^{a), Va G A. 



Proof: By Lemma Al Eq. ( A.l ) is equivalent to 5 being a pre-antipode and A being right- 

comonoidal, whence also left-comonoidal. Thus the first statement follows from Proposition 

In this case one readily checks that S{a) := S{a*)* provides a pode and therefore S = by 



Corollary |8^ and the uniqueness of (anti)podes. 



B More on Rigidity Structures 

In this Appendix, inspired by ideas of Drinfel'd [Dr], we show that rigidity structures (S, a, f3) 
are unique up to equivalence and that for any rigid weak bialgebra A there exists a twisted 
coproduct A' on A' := S{A) given by A'{S{a)) = {S0S){A{a)). Under the conditions S{1) = 1 
and £oS = S this will further imply S to be invertible. First we need the following two Lemmas 

Lemma Bl In a pre-rigid weak bialgebra {A, 1, A, e, S, a, (3) the following identities hold for 
all a,b & A. 



a&(i) (8) 5'(6(2))a6(3) 
5(6(1)) a 6(2) ® «^(3) 
a(i)/3S'(a(2)) ®a(3)6 
a(i)6 0(2) /3 5(0(3)) 



0(1)6(1) (g) 5(0(2)6(2)) a 0(3)6(3) 
5'(a(i)6(i)) a 0(2)6(2) ^ «(3)^(3) 

«(1) ^(1) /3 5'(0(2) 6(2) ) ® 0(3) 6(3) 
0(i)6(i) (g) 0(2)6(2) (3 5(0(3)6(3)) 



(B.l) 
(B.2) 
(B.3) 
(B.4) 



Proof: The last two equations follow from the first two by passing to A^p^. Also, it is enough 
to prove ( |B.1| ) and ( [B.2D for 6 = 1. Using ( |6.16| ) and (2.26left) we compute 



ol(i) (gi 5(1(2)) a 1 



L(3) 



ol(i) a <s 1(2) 
ol(i) g) a <s£RL{i(2)] 



= 0(i) 5(o(2))ao(3) 

Using ( |2.2(: right) and (6.16), Eq. (|B.2| ) for 6=1 (and therefore for all b) follows similarly. 

Lemma B2 In a rigid weak bialgebra {A, 1, A, e, 5, a, /3) we have for all a G A 

a = a(i)^5(o(2))ao(3) 

5(0) = 5(0(1)) a 0(2)/? 5(0(3)) 

A(o) = 0(i)^5(o(4))Qa(5) (g)0(2)/3 5(o(3))ao(6) 

5(o(2)) ® 5(o(i)) = 5(a(2))ao(3)/35(o(6)) (g5(o(i))ao(4)/3 5(o(5)) 



(B.5) 
(B.6) 
(B.7) 
(B.8) 
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Proof: Eqs.(U) and (p3l| ) imply 

a = al(i)/35(l(2))al(3) = a(i)/35'(a(2))aa(3) . 



Similarly ( |6.8D and (B^) give 

S{a) = S'(l(i)a)al(2)/35'(1(3)) = S'(a(i))aa(2)/35(a(3)) . 

Using ( |B.5| ) we now compute 

A(a) = a(i)l(i)/35(l(2))al(3) ® a(2)^5(a(3))aa(4) 

= 0(i)l(i)/?5(l(4))al(5) (g)a(2)l(2)/35'(a(3)l(3))aa(4) 

= a(i)l(i)/3S'(a(4)l(4))aa(5)l(5) (g) a(2)l(2)/35'(a(3)l(3))aa(6) 

= a(i)/35'(a(4))aa(5) (g) a(2)/35(a(3))aa(6) 



where in the second line we have used (B.4) and in the third line (B.l). Similarly, we get 



5(0(2)) ®5'(a(i)) = 5'(a(2))aa(3)/35'(a(4)) «''S'(l(i)a(i))al(2)/35(l(3)) 

= 'S'(l{2)a(2))al{3)«(3)/?'S'(a{4)) ® 5'(l(i)a{i))al(4)/3'S'(l(5)) 

= 'S'(l(2)a(2))al(3)a(3)/?5'(a(6)) 'X' 5'(l(i)a(i))al(4)a(4)/35(l(5)a(5)) 

= '5(0(2) )a«(3)/?'S'(a(6)) 'S'(a(i))aa(4)/3'S'(a(5)) 

where in the first line we have used ( |B.6| ) and ( |6.8| ), in the second line ( |B.1| ) and in the third 
hue (Q. ■ 



We now show that similar as in [Dr] rigidity structures on a monoidal weak bialgebra are unique 
up to equivalence. 

Proposition B3 Let A he monoidal and let (Si, ai, and (5*2, 02, /92) be two rigidity struc- 
tures on A. Define u,u & A by 

u = 52(l(i))a2l(2)/3i.Si(l(3)) (B.9) 

u = 5i(l(i))ail(2)/?2S2(l(3)) (B.IO) 

Then the following identities hold for all a A 



uSi{a) 


= 5*2 (a)n 


uS2{a) 


= Si{a)u 


OL2 


= UQl 


Ql 


= ua2 




= Piu 


Pi 


= P2U 


uu 




UU 


= Siil) 


uuu 


= u 


uuu 


= u 



Conversely, under these identities u and u are necessarily given by ( |B.S[ } and I \B.1C\) 



Proof: By interchanging 1 2 and u <-> u it is enough to prove the left identities. Using ( |B.2| ) 



and (B.4) we get for all a G ^ 



uSi{a) = S'2(a(i))a2a(2)/3i 5*1(0(3)) = S2{a)u 
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Prom ( [B.5| ) and (|B.2 ) one computes 



"2 = S'2(l(i))a2l(i) = 52(l(i))a2l{2)/3i5'i(l(3))ail4 = u5'i(1(i))qi1(2) = uai . 



Using (B.4) the identities /32 = Piu follow similarly. Moreover, 

uu = S'2(l(i))a2l(2)/?i5'i(l(3))ail(4)/?25'2(l(5)) = S'2(l(i))a2l(2)/325'2(1(3)) = 82(1) 

Finally, uuu = S2{l)u = u. Conversely, ii u,u £ A intertwine (5'i,ai,/3i) and {S2, 02, P2) as 
above, then £'2(0) = uSi{a)u, whence 

S'2(l(i))a2l(2)/3i'S'i(l3) = n5i(l(i))ail(2)/3i5i(l3) = u, 

where we have used uuai = = ai. Eq. ( B.lOj ) follows similarly. ■ 



This proof may of course be traced back to the fact that in monoidal categories any two rigidity 
structures are naturally equivalent. In the same spirit, the following proposition reflects the 
natural equivalence V x W = W x V in rigid monoidal categories, see also [Dr]. 

Proposition B4 Let {A, 1, A, e, 5, a, /?) be a rigid weak bialgebra and let F ,¥ e A iS> A be 
given by 

F := [5(l(2))a 5(l(i))a]A(l(3)/35(l(4))) (B.ll) 
F := A(5(l(i))al(2))[/?5(1(4)) 0/35(1(3))] (B.12) 
Then the following identities hold for all a £ A 

FA{S{a)) = {S®S){Aop{a))F (B.13) 

A{S{a))F = F {S ® S){Aop{a)) (B.14) 

FF = A(5(1)) , FF = {S^S){Aop{l)) (B.15) 

FFF = F , FFF = F (B.16) 

Proof: To prove ( |B.13D we compute 

{S ^ S){Aop{a))F = [5(l(2)a(2))a®5(l(i)a(i))Q]A(l(3)/35(l(4))) 

= [S{a^2))a «) S'(a(i))a]A(a(3)/35(a(4))) 

= [S{a(2))aa^3) O 5'(a(i))aa(4)] A(/?S(a(5))) 

= ['5(1(2) )al (3) O 5'(a(i)l(i))aa(2)]A(/35(a(3))) 

= [5(l(2))al(3) ® 5(l(i,)l(i))al(2')]A(/?5(al(3'))) 

= [5(l(2))al(3) ® 5(l(i))al(4)]A(/35(al(5))) 

= FA(5(a)) 



Here we have used (B^) in the second line, ( B.2 ) in the fourth and the fifth line and (BJ) in 
the sixth line. Interchanging a and /? and repreating this proof in A*^^ yields (B.14). To prove 



(|B.15D we compute 



FF = A(5(l(i))al(2))[/35(l(2ol(4))«®/35(l(i')l(3))«]A(l(3')/?5(l{4'))) 

= A(5(l(i))al(2))[/35(l(4))a ^ /35(l(3))a]A(l(5)/35(l(6))) 

= A(5(l(i))a)A(l(2))A(/35(l(3))) 

= A(5(l)) 
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where in the second Une we have used (|B.4| ) and in the third hne ( [B.7| ). Next, using (|B.13| ) we 
get 

FF = [5(l(2))05(l(i))]FA(al(3))[/5S(l(3))®/?5(l(4))] 

= [5(l(2ol(2))a ® 5(l(iol(i))a]A(l(3o/35(l(4'))«l(3))[/35(l(5)) ® /35(1(4))] 

= [5(l(20l(2))a ^ 5(l(i.)l(i))a]A(l(3,)l(3)/35(l(40l(4))«l{5))[/?5(l{7)) ^ /?5(1{6))] 

= [5(l(2))a®5(l(i))a]A(l(3)/?5(l(4))al(5))[/?S(l(7))^/35(l(6))] 
= [5(l(2))a ® 5(l(i))a]A(l(3))[/?5(l(5)) ® /35(1(4))] 

= S(l(2))® 5(1(1)). 

Here we have used ( [B.4| ) in the third hne, ( |B.5| ) in the fifth hne and (|B.8| ) in the last hne. Finahy, 



(B.16) fohows from the obvious identities 

FA(5(1))=F , A(5(1))F = F. ■ (B.17) 



If a rigidity structure satisfies e o S = e, then Proposition B4 ahows to define a rigid monoidal 
weak bialgebra structure on A' := S{A), such that S : A ^ A' becomes a bialgebra homomor- 
phism. First, we consider A' C A with opposite multiphcation, i.e. as a subalgebra of Aop with 
unit 1' := S{1). The coproduct A' : A' ^ A' ^ A' is given by 

A'{S{a)) ■.= FopAop{S{a))Fop = {S0S){A{a)) , 

which is clearly a coassociative and multiplicative. Moreover, if e o S" = e then e' := e\y^i is a 
counit for A' and therefore {A' , 1', A', e') becomes a monoidal weak bialgebra^. 

Lemma B5 Let {A, 1, A, e, 5, a, /?) be a rigid weak bialgebra satisfying e o S = e. Put S' := 
S\_A', Oi' := S{a) and /?' := S{P). Then {S',a',(3') provides a rigidity structure on A'. 



The proof of Lemma B5 is straightforward and therefore omitted. Using this result we are now 
able to prove 

Theorem B6 Let {A, 1, A, e, S, a, (3) be a rigid weak bialgebra satisfying e o S = e. Then S 
is bijective if and only if S{1) = 1. 



Proof: The identity (|6.7| ) requires S to be nonzero. Iterating Lemma |B5| and using dim^ < oo 
we conclude S^~^^{A) = S^{A) for some n G N. We show that if S{1) = 1, then this implies 
S'^{A) = S"'~^{A), whence S{A) = ^ by induction, thus proving bijectivity of 5. Replacing A 
by S"'~^{A) it is enough to consider the case n = 1. Thus, assume S'^{A) = S{A) and therefore 
Ker S n S{A) = 0. Let S' = S\s(a) and define 

p := S'-^ oS -.A^ S{A) 

Then P is a multiplicative projection satisfying P o S = S and therefore 

P{aS{b)) = P{a)S{b), Va, 6 G ^ 



By Lemma B7 below, if ^(l) = 1 there exists p & A such that P{a) = pa for all a (z A. Hence 



p = P(l) = 1, implying Ker S = Ker P = and A = S{A). 



^Presumably, if e is not S-invariant, there still may exist a transformed counit e' on A' satisfying e' o S = e. 
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Lemma B7 Let {A, 1, A, e, S, a, (3) be a rigid weak bialgebra. Denote L the left multiplication 
of A on itself and consider A = As(a) ^ right S{A)-niodule. If S{1) = 1, then 

EndsiA) (Ma)) = (B.18) 



Proof: By standard arguments for rigid monoidal categories (see e.g. [Ka]), for any left A- 
module V we have an anti-multiplicative isomorphism 

End^y^End^y, (B.19) 

given by End^^ y 9 T i— > T e End a V, where 

f := L^' o {Av X 1^) o (1^ X T X 1^) o (1^ x By) o % . 

The inverse of the assignment T i-^ T is given by 

T = Ry^o (ly X Ay) o (Iv X T X ly) o (Bv X Iv) o Lv 

In our setting one straightforwardly checks that T coincides with the restriction of the transpose 
T^toV = V- S{1). We now apply this to y = ^ with canonical left ^-action 7rv(a)(;/> := a ^ cj). 
If S{1) = 1, the conjugate left ^-module is given by V = V = A, with left ^-action 7ry(a)6 := 



bS{a). Hence, the isomorphism (B.19) gives 

Ends(^) (AsiA)) = End^ (aV) = End^ UV) = End^ (^i) . 
On the other hand, under the transposition T i-^ T* we clearly have 

End^ {aA) = EndA (Aa) = L{A) 
where Aa denotes the regular right ^-module, being the natural dual of the left ^-module 



As already remarked, the condition e o S = e in Theorem B6 may presumably be dropped, if 



there is a twisted counit e' for A' on A' = S{A) satisfying e'oS = e. Also recall from Proposition 



6.5 that the condition S{1) = 1 holds if a or /? are invertible, and therefore in particular for 



normal rigidity maps. 

C Minimal and Cominimal Weak Bialgebras 

In this Appendix we introduce a special "minimal" class of comonoidal weak bialgebras A as well 
as their "cominimal" duals A. As a motivation recall that if A is comonoidal, then [^i, ^/j] = 



by Corollary 3^. Moreover, by Eqs. ( |3.lD - ( |3.4| ) and Theorem 3^ we have 

A(a&) = (a(g)6)A(l) = A(l)(a® 6), aeAL,b£AR. (C.l) 
Hence, if A is comonoidal then B := AlAr C A provides a weak comonoidal sub-bialgebra. 



since A(l) E B^B by Lemma 4.4. Also, since e restricts to the counit on B, if A is bimonoidal 
then so is B, and if ^ is a weak Hopf algebra then is a weak Hopf subalgebra. This observation 
motivates the following 
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Definition CI A comonoidal weak bialgebra A is called minimal, if ^ = AlAr. A monoidal 
weak bialgebra A is called cominimal, if its dual A is minimal. If ^ = ^1^2 is an algebra 
generated by two commuting subalgebras Ai and A2, then we call a minimal weak bialgebra 
structure (A,e) on A adapted (to Ai and A2), if Ai = Al and A2 = Ar. 

It will turn out that an adapted weak bialgebra structure is uniquely determined by £ or by 
P := A(l). Since every comonoidal weak bialgebra contains a minimal one, these results will be 
very useful when constructing general examples of weak comonoidal (or Hopf) bialgebras, see e.g. 
Examples 1-3 in Appendix D. The results of this section will also be needed when constructing 
weak Hopf algebra structures on a large class of quantum chains known from physical models, 
where Al/r will be the left/right wedge algebras of these models ([N3], see also Appendix D). 

Let us start with preparing some useful formalism. Given two i^T- vector spaces A1/2 of equal finite 
dimension, a bilinear form Q : Ai'SiA2 K is called nondegenerate, if the map Ql '■ a ^ Q{a®-) 
(equivalently Qr : h ^ Q{- ® h)) \s an isomorphism Ai —* A2 (isomorphism A2 — > ^1). This 
holds if and only if Q has a form-inverse P = Vi G A2 <8> Ai satisfying (throughout we 

drop again summation symbols) 

Q{a ® Ui)vi = a, Va G Ai 

UiQ{vi®b) = b, V6g^2 (C.2) 

Clearly, P as a functional A2 ® Ai ^ K \s also nondegenerate and its form-inverse is given 
by Q. Form- inverses are of course uniquely determined if they exist. If ^1/2 C A are two 
commuting subalgebras and A = A1A2, then with any (p G Awe associate the bilinear functional 
: Ai0 A2 ^ K given by 

Q^{a®b) := {(Plab) (C.3) 

If is nondegenerate we denote its form- inverse by P^. Note that (j) need not be nondegenerate 
as a functional on A in order for to be nondegenerate. 

Proposition C2 Let A = A1A2 be generated by two commuting subalgebras Ai and A2- 
i) If there exists an adapted minimal weak bialgebra structure (A, e) on A, then : Ai 0A2 — >■ 
K is nondegenerate and its form-inverse Pe G A2 (8) Ai is idempotent. Moreover, A is uniquely 
fixed by e via 

A{ab) = (a b)Ps = Psia(S)b), a e Ai, b e A2- (C.4) 

a) If A = A\ ®A\V\A2 ^2 then the relation ( [C.'^ j provides a one-to-one correspondence between 
adapted minimal weak bialgebra structures (A,e) on A and idempotents P G A2 ® Ai which 
are nondegenerate as functionals A2 ^ Ai ^ K and satisfy 

(z o i)P = (1 z)P, \/zeAinA2. (C.5) 



Proof: By Eq. (2.40) of Corollary |2.8| Qs ■ Al ^ Ar K is nondegenerate for any comonoidal 
weak bialgebra. Thus part (i) follows from Eq. 
of Qe- However this follows from the definitions (| 
gives 



3D provided P^ := A(l) is the form-inverse 
|) and ( C.2 ), since the counit property of e 



e\i(2) 



Qe{a 

1(1)^ 

where a G Al = Mll{A) and b G Ar 
note that given (A,e) we may put P 



{i))l{2) = e(a{i))a(2) = a 
g)6) = 6(i)e(6(2)) = 6 

J^rr{A), see (O) and 



(C.6) 

|3.4p . To prove part (ii) first 
A(l_4), which is idempotent and nondegenerate by 
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part (i). For z e Ai A2 Eq. (|C^ ) then gives A(z) = (z 1)P = (1 Conversely, let 

P G ^2 ^ Ai be idempotent and nondegenerate with form-inverse Q : Ai <Si A2 — > K- Then 



Eq. (|C.5D implies 

Q(az (g) 6) = (5(a zb) 

for all a G ^1, 6 S .42 and z G Ai H A2- Hence, if .4 = .4i ®AinA2 -^2 the functional e £ A 

e{ah) := Q{a®h), a £ Ai,h e A2 



is well defined and we have Q = Qs- Moreover, by Eq. ( p.5| ) A : .4 ^ .4 ® .4 given by 
is also a well defined algebra map. Clearly, A is coassociative and comonoidal, since (1^ P) 
commutes with (P ® 1^), and e is the counit for A, since Q is the form-inverse of P. ■ 



More generally. Proposition C2 shows that for any comonoidal weak bialgebra A we may put 



P := A(l) G Ar ^ Al to get a sequence of minimal weak bialgebras 

Al^Ar — > Al ®ALnAR M — > AlAr C a , (C.7) 

where the arrows are the natural projections, being also weak bialgebra homomorphisms. To 
describe the dual cominimal weak bialgebras observe that : Al ® Ar — > K being non- 
degenerate with form inverse P = A(l) G Ar ^Si Al we have the natural i^'-linear isomor- 
phism Homi^ (.4l (g) Ar,K) 9 $ i-^ r$ G Endi^ .4r with inverse Endx Ar 9 T i-^ <1>t G 
Homj^- {Al (g Ar, K) given by 

r$(6) := l(i)$(l(2)®6), heAR (C.8) 
^T{a®b) := e{aT{b)), aeAL,beAR. (C.9) 



Proposition C3 Let A he comonoidal and tt^ : A^ EndK Ar the unit representation. Then 
i) Due to the isomorphism Endx Ar = Homx {Al ^ Ar, K) we obtain 

EndK Ar D EndAr^nAR Ar D ^^-(.4) , (C.IO) 



as an inclusion of cominimal weak bialgebras dual to {C.7), with coproduct S : Endx Ar — > 
EndK Ar (g Endx Ar given by 

5r(a ® 6) := 1(1)® 1(1,) 6(1(2)1(2') a, 6 G .4^ , T G Endj^ .4/j . (C.ll) 

a) TTi : A ^ Endx Ar provides a bialgebra homomorphism and KerTTg = {AlAr)^, i.e. 
KeriTi C A is the annihilator of AlAr C A. 



Proof: Clearly, T G End^^n^tfl Ar^ ^ Romx {Al '^AlhAr Ar,K). To show T G 7ri{A) 44> 
$T G Homj^ {AlAr, K) we compute for G .4, 6 G Ar and a G Al = Mll{A) 

$^.(^)(a (g)b) = e(a(V' ^ b)) = e(V' ^ {ab)) = {ip \ ab) (C.12) 

thus proving (i). Part (ii) follows, since .4L.4ij, C .4 is a weak subbialgebra and {AlAr)^ = 
KervTE by ( |C.12| ). Hence -Ki : A ^ T^e{A) = .4/(.4l.4r)-^ = Homj^- (.4L.4ij, i^) is a weak 
bialgebra epimorphism. ■ 
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Corollary C4 Let A be monoidal. Then 

i) 7Te{A) = Endj^^^j^^ Ar if and only if AlAr = Al ^^^ni^ ■^R- 
a) A is cominimal if and only if tt^ is faithful. 

These results generalize the weak Hopf algebra structure on MatxiN) given by [BSz]. In fact, 
the dual of the BSz-construction is obtained by putting in Proposition |C2| Ai = A2 = (i.e. 
the abelian algebra of diagonal x A^-matrices) , A = A10A2 and Qs{a^b) = J2 o-ih, a,b £ , 
yielding = ^ Cj, where €{ G K'^ axe the minimal orthogonal projections, eiCj = Sijej. 

Next, we look at minimal weak iJop/ algebras and recall our definition of the maps ■ Aa — >■ 
A-cr and Scr : Aa — > A-a given in (^.ll) . By Theorem ^!^ ) and Theorem ^.5| , if A is comonoidal 
these maps are algebra anti-isomorphisms satisfying Sf^/R = S^j^, and if ^ is a weak Hopf 



algebra with antipode S, then by Corollary S^/r = S\j\j^^^. Using this. Proposition |C2 



now generalizes to a complete characterization of minimal weak Hopf algebras of the form 
A = Ai ^AinA2 M- 

Theorem C5 Let A = A1A2 — Ai '5^AinA2 -^2, where Ai and A2 commute. Then the relation 

eiaibR) = oj{aLSR{bR)), ul £ Al = Ai, bR G Ar = A2 (C.13) 
SiuLbR) = SR{bR)SL{aL) (C.14) 

provides a one-to-one correspondence between adapted weak Hopf algebra structures (A, e, S) 
on A and pairs (a;, Sr), where uj : Ai ^ K is a nondegenerate functional satisfying Induj = 1, 
Sr '. A2 — > Al is an algebra anti-isomorphism restricting to the identity on Ai H A2 arid where 
Sl = Sfj^ o 9aj, 9uj : Al ^ Al being the modular automorphism of uj. 



Proof: If (A,e) is adapted and bimonoidal, then by Proposition |5.2| ii) oj := e|^^ is nonde- 
generate with Inda; = 1 and by Lemma 5J Eq. ( C.13| ) holds with Sr := £lr\ar-, implying also 
Sl = £rl\al — ^R^ ° by part (iii) of Proposition |5.2| . Moreover, in this case S in ( C.14 ) is 
well defined and anti-multiplicative, since for comonoidal weak bialgebras £rl\ar = ^^Ar and 
£:lr\Al = ^^Al implying 

SlIalC^Ar = SrIalHAr = ^^^AlHAr (C.15) 

Using A(l) G Ar ® Al and S'/j(l(x))l(2) = ^i-R(l{i))l(2) = 1 by ( 2.22 ) we then compute for 
UL £ Al, aRe Ar and a = ulur 

5(a(i))a(2) = 5(l(i)aL)l(2)aij = 5L(aL)5ij(l(i))l(2)aij = £RL{aL)aR = £RL{aLaR), 

where in the last equation we have used qr = £RL{aR) and part (2ii,left) of Proposition 
Similarly, using 1(i)S'l(1(2)) = 1 and ol = ELRiah) we get 

0(1)5(0(2)) = 0Ll(l)5'(0i?l(2)) = OL 1 (1) 5'l (1(2)) 5'i?(0ij) = aL£LR{aR) = £LR{aLaR) 



by part (2ii, right) of Proposition |2.6| . Hence, S" is a pre-antipode and therefore an antipode by 
Proposition ^.3| i) . 

Converseley, we now reconstruct (A,e) from {oj,Sr). First, since Sr restricts to the identity 
on ^1 n ^2; the functional e is well defined on A by Eq. ( p.l3| ) and Qe : Ai ^ A2 ^ K \s 
nondegenerate. By Proposition C2 we have to show that its form-inverse Pe is idempotent. 
Clearly, if Xi ® yi £ Ai Ai is the form-inverse of uj, then = S'^^{xi) <S> Vi. Hence, 

Pe = ^R^iXiXj) ® VjVi = Sj^^{xj) VjXiyi = Pe 
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where we have used ( p. 51) and Indw = 1. Thus, by Proposition C2 we get a uniquely determined 
adapted comonoidal weak bialgebra structure (A,e) on A. Since Ai H A2 C C{Ai) we have 
^Lu\AinA2 — id and therefore (|C.14 ) provides a well defined algebra anti-automorphism S : A^ 



A. Moreover, for G Ai and G A2 we get 

£LR{hR) = e(l(i)6i?)l(2) = a;(S'ij(6i{)S'ij(l(i)))l(2) = uj{SR{hR)xi)yi = SR{bR) 
£RL{aL) = l(i)e(ai,l(2)) = S]^{xi)ijj{yiB^{aL)) = S^^{e^{aL)) = SiiaL) ■ 

Hence, by the above arguments, S is an antipode and ^ is a weak Hopf algebra. ■ 

D Examples 
Example 1: 

This example provides a minimal comonoidal weak bialgebra A = Al ^ Ar which is not 
monoidal. We choose Al '■= K^, i.e. the commutative algebra of diagonal (3 x 3)-matrices, 
and Ar the algebra of upper triangular (2 x 2) matrices 



"^^•"{(0 ^) l^'^'^G^} CMati^(2). (D.l) 



Let ei,i = 1, 2, 3, denote the pairwise orthogonal minimal projections in Al, and let bi,i = 1, 2, 3 
be the basis in Ar given by 

Following the lines of Proposition ^(ii) we define the coproduct A : A ^ A ® A for ql G Al 
and QR G Ar by 

AiaLaR) = (oL ® aR)P 
where the idempotent P = A(l_4) G Ar Al is defined to be 

P = bi®{ei + 62) + 62 ® 62 + 63 O 63 (D.3) 

Using the relations eiCj = dijCi and 

6? = 61, bib2 = b2bs = b2, bl = bs (D.4) 
62 = hbi = b^b2 = bib^ = 6361 = (D.5) 

one immediately verifies P^ = P. Also, as a functional {Api) ® {Al) —> K, P is nondegenerate. 
Hence, the counit e : Al ® Ar ^ K is given as the form-inverse of P, i.e. 

e = ® (6^ - 6^) (g) (e^ ® 6^) (g) (e^ (g) b^) (D.6) 

where e* and 6^ denote the dual basises. According to part (ii) of Proposition these data 
define a comonoidal weak bialgebra structure on ^ = AlAr, which by Corollary |3]^ cannot be 
monoidal, since is commutative and Ar is noncommutative. This example does not admit 
an antipode, since for x = eibi one easily computes £lr{x) = ei + 62, whence e2£LR{x) = 62, 
wheras X{i)S{x(^2)) = 6il(i)'S'(l(2)^i) implying e2X(i)5(x(2)) = 0. Nevertheless, the dual of this 
example admits a (non-normalizable) rigidity structure, see Example 2. ■ 

Example 2 

In this example we construct rigidity structures {S, a, (3) on cominimal weak bialgebras of the 
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form 'End-K Ar (or Findj^^nAR Ar) , where A is comonoidal, see Proposition C2. This will in 
particular show that the dual of Example 1 is rigid, although it does not admit an antipode. 

It is more convenient to perform the construction on the dual B := Al ® Ar (or B : = 
Al ^Al^Ar Ar, respectively). Thus, dualizing ( |6.16| ), ( |6.7D and ( |6.8| ) we seek for a map Sb '■ 
B ^ B and functionals a, (3 B satisfying for all x G B 

SB{x(i))a{x^2))x(3) ^ Ar , x^i)(3{x^2))Sb{x(3)) ^ Al (D.7) 
£6 (a;(i)/3(a;(2))5'B(x(3))a(a;(4))x(5)) = esix) (D.8) 
^B (5'e(2;(i))a(x(2))a;(3)/3(x(4))S'B(x(5))) = ei3{St3{x)) . (D.9) 
Moreover, the normalization conditions q <i5 eg = a and P = P of Proposition |6.5| become 
£b (5'B(x(i))a(x(2))x(3)) = a(x) , eg (x(i)/?(x(2))S'b(x(3))) = /3(x) . (D.IO) 

Choose now Sr : Ar Al an arbitrary linear bijection and let Sl '■ Al Ar be the transpose 
of S]^^ with respect to the pairing Q^, i.e. 

Qe{a ® 5l(6)) := Qe{b ® S^^{a)), a, 6 G . 

Note that = (g) 1(2) being the form inverse of Qe implies 

5l(1(2)) ® 5i?(l(l)) = 1(1) ^ 1(2) . (D.ll) 

For X = aLdR, cll G Al, clr G Ar define 

Sb{x) := SL{aL)SR{aR) (D.12) 
a{x) := Qs{l (S) SLiaL)aR) , (3{x) := Qe{aLSR{aR) ^ 1) . (D.13) 

In case we want (5^, a, f3) to be well defined on Al 'S)ALnAB, Ar we also have to require Sr (and 
therefore Sl) to be {Al n ^ij)-linear. Using Ag(x) = 0^1(1) (g) 1(2)0/? and the comonoidality 
property we now have 

X{1) 2^(2) <^ 2;(3) = aLl(i) (g) 1(2)1(1') ® 1(2')°R 

and similarly for higher coproducts. Hence, the identities ( p.7| ) - (D.IO) are immediately verified, 
provided we have 

5i5(l(l))a(l(2))l(3) = 1 = l(l)/3(l(2))Se(l(3)) . (D.14) 
To check ( p. 141) use ( p.ll| ) to compute 

'S'b(1(1'))"(1(2')1(1))1(2) = QeC^ O S'l(1(2'))1(i)) S'i?,(l(i'))l(2) = Qei^ 1(1))1(2) = 1 
1(1)/?(1(2)1(1'))Sb(1(2/) = l(i)SL(l(2/))Qe(l(2)^i?(l(l')) ^ 1) = 1(1)^^(1(2) 1) = 1 • 

This proves ( p.l4| ) and therefore the rigidity identities (|D.7| ) - ( p. 10 ). Finally, we also have 
^b(.Sb{x)) = l(i)S'ij(aij) 5^(0^)1(2) = SB(,l(2)aR) » 5^(0^1(1)) = (5^ (g) 5i5)(Ag^(x)) 

and therefore 5^ is anti-comultiplicative. Hence, {Sis,a,(3) provides a rigidity structure on B. 
In Example 1 one may choose 

SRibl) = 61+62 , SR{b2) = 62 , SR^bs) = 63 

5'l(6i) = 61-62 , 5'l(62) = 62 , 5*^(63) = 63 
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to obtain /? = £ = ! given by ( p.6| ) and a = d^b^ + ^b^. In particular, this rigidity structure 
is not normalizable. ■ 

Example 3 

In this example we extend minimal weak Hopf algebras of the form B = Al^ Ar to weak Hopf 
algebras A = Q ^ B = Al ^^Q^Ar by a two-sided crossed product construction with a Hopf 
algebra Q. 

Let B = Al ® Ar be a minimal weak bialgebra, with counit eb and coproduct Ag. Let 
{Q,l,A,e) be a finite dimensional Hopf algebra and assume a left Hopf module ^-action > : 
G Al — > Al and a right Hopf module ^-action < : iX) ^ ^ ^h- Following [HNl] we define 
the two-sided crossed product A := Al^G^ Ar to be the vector space Al ® ^ Ar with 
multiplication structure 

{aLX'g'xaR){bL>^ht^bR) := (aL(5(i) t-^i) >^fi'(2)/i(i) ^ («fl<l^(2))^i?) (D.15) 
Equivalently, A may be identified with the diagonal crossed product Q ^ B via 

g^B3 {g{aL®aR)) ^ ((^(i) t-Oi) =^9(2) o/?) G A (D.16) 
Here, the multiplication va. Q ^ B \s fixed by either of the equivalent relations [HNl] 

g{aL®aR) = ((^(i) i>«l) («iJ<'S'""^(5(3)))) 5(2) 
{aL0aR)g = 5(2) (('S'""^(5(3)) > ^l) ^ (5(1))) 

where g £ G and ul/r G ^l/h- Since as a linear space Q ^ B = Q ® B^\i comes equipped with 
the natural tensor product coalgebra structure from Q and B. With respect to the identification 
(D.16) this induces a coalgebra structure (A_4,e_4) on A given by 



^AiaL^^g^aR) := (ol ^^(i) c< ((5(2) i> 1(2)) >^5(3) ^ «(3)) (D.17) 

e^(aL>='5^«i?) ■■= eB{{S'^{g)'>aL)®aR) (D.18) 
where ® 1(2) = ^s(Ib) £ Ar ® Al- Assume now 

ee((5i>«L) ^clr) = £B{{aL ^ {aR<g)) (D.19) 

for all 5 G ^ and Ua G Aa- Equivalently, since 1(2) G Ar Al is the form- inverse of 
£B '■ Al (8) Ar — > K, this means 

l(i)0(5>l(2)) = (l(i)<5)®l(2), V^gC?. (D.20) 

Given this condition one easily verifes that (A, l^i, A_4, e^) becomes a comonoidal weak bialgebra 
extension of B. Moreover, using Lemma |2.1C| iii) and iv) one checks that if B is left- or right- 
monoidal then so is A. 

Next, note that ( p.l9| ) implies the restricted functional lv := sb\Al ^-invariant. Hence, 

if B is also a weak Hopf algebra and if Sr : Ar Al is the restriction of the antipode to Ar 
(see Theorem |C5| ), then Eq. (D.19) implies for all a„ G Aa and g £ G 



uj{aLSR{aR<ig)) = e{aL (E)aR<g) = Lo{{g>aL)SR{aR)) = uj(aL{Sg{g) > SR{aR))y (D.21) 
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By the nondegeneracy of uj we conclude 

SRiaR<g) = Sg{g)>SR{aR) 



VoK G Ar, g eg, 



(D.22) 



where Sg is the antipode on Q. Hence, by Theorem C5 any weak Hopf algebra in the form of 
a two-sided crossed product A = Al^G^Ar as above may uniquely be constructed from a 
left Hopf module ^-action on Al, a nondegenerate G- invariant functional to on Al satisfying 
Indo; = 1 and an anti-isomorphism Sr : Ar, — > Al- The right ^-action on Ar is then given 
by ( D.22 ) and the compatibility condition ( D.19| ) follows from ( p. 13 ). Moreover, the antipode 
Sb '■ B ^ B constructed in ( C.14 ) extends to an antipode S_a : ^ ^ ^ by putting 

SAiaL^g^aR) ■.= SR{aR)^Sg{g)^SL{aL) (D.23) 

Note that this is indeed an algebra anti-isomorphisms, since one checks, similarly as in ( p.22| ), 

SL{g>aL) = SL{aL)<Sg{g) (D.24) 

for SiW g e Q and ai G Al- ■ 



Interpreting Al and Ar as left and right "wedge algebras", this construction puts a weak Hopf 
algebra structure on the Hopf algebraic quantum chains of [NSz] . More general quantum chains 
can be treated by allowing Q itself to be a weak Hopf algebra. Moreover, using the methods 
of [HNl], the above example also generalizes to the case where Q is the dual of a quasi-Hopf 
algebra. If in this case also Al = Ar = Q, this will provide a general "blowing up" procedure in 
the spirit of [BSz] from quasi-coassociative Hopf algebras Q to weak coassociative Hopf algebras 
Q>iQt^Q in our sense, with equivalent representation categories. More details on this will be 
discussed elsewhere. 

Example 4: Let {Q, 1, A,e) be a finite dimensional Hopf algebra and let W C ^ be an Ad- 
invariant Hopf subalgebra, i.e. 

5(i)W5g(5(2)) C?^ , V^ea (D.25) 

Assume Ti semisimple and denote p = Sg{p) = p'^ e TL the unique normalized two-sided integral. 
Then the crossed product A := TC^ aciG becomes a weak Hopf algebra with 

A^(/i (8) g) := (hSgipi^i)) (g) P(2)9{i)) O (P(3) ® 9(2)) (D.26) 

eA{h(S)g):=Xih)eg{g) (D.27) 
where h £ H, g e Q, and where A G is the left integral dual to p, i.e. the unique solution of 

X^P = 1h- (D.28) 

Clearly, ea is a right counit for Aa and using 

Sg{P{i)) (E)P{2) =P(2) «''S'g^(P(i)) (D.29) 

and the identity A^^ = Sg^ opR [LS], ea is also a left counit. The coassociativity of A_4 follows 
from 

P(i) ® P{2)Sg{p(i')) ®P(2') =P(i)P(v) ®P{2) ®P(2')- (D.30) 
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To see that A_4 is an algebra map we compute for h,k H and f,g & Q 
A{h® g)A{k® f) = 

[hg(l)kSg{pr)Sg{p(^l)g^2)) <^P(2)5'(3)P(2')/(l)) ® (p{3)5'(4)P{3')'S'(5(5)) ® 5{6)/(2)) 

[hg(l)kSg{p^l)g(^2)) ® P{2)g{3)f{i)) ® (^{a) ® 5'{4)/{2)) 
= ^{gh(i)kS{g^2))'^9{3)f)- 

Here we have used p G C{Q), since g(i)pS{g(^2)) = ^{g)Pi for all g & G, which follows since the 
l.h.s. is again a two-sided integral in Ti. To see that A is comonoidal let P := A_4(l_4). Then 

{lA®P)iP®lA) = (P^WiU^P)) 

= «)P(2)) «) (p(3)'S'e(?'(i')) «)P(2')) (pes') le) 

= P(2)P(2')) ® (^'(s) P{3')) (p{4') ^ Is) 

= (A^®id)(P), 

where we have used ( p.30| ) . Finally, applying Lemma 2.10| Lii) and iv) and using ( D.29| ) together 
with the Fourier transformation identities [LS] 

P(l)A(/iP(2)) = Sg{h) (D.31) 

A(Sg^(P(i))%(2) = h (D.32) 

for all /i E W 0, one also checks that {A, 1^, A^, e^) is monoidal. In this example we have 

Al = {{h(g)lg)\h£n} = n (D.33) 
Ar = {{S{h^r))®h2))\hen} = Hop (D.34) 

as well as the identities 

eLL{h®g) = (5-^5(2) )%(i) Ig) , eRR{h®g) = £5(5) (/i(2) ® 

eLR{h®g) = eg{g){h0lg) , eRL{h®g) = Sl((h<ig)(^2)) ® Sg({h<g)(i)^ 

where h €^ H, g & Q and h<g := Sg^{g(2))hg{i)- Using these formulas the reader is invited to 
check that : A ^ A given by 

SAih ^ g) ■= Sg{h(2) ^5(2)) Sg{h(i)g(i)) 
provides an antipode and therefore ^ is a weak Hopf algebra. ■ 

Putting Q = CG and Ti = CH for some finite group G with normal subgroup H, the above 
example ^ appears as a weak Hopf symmetry in any Jones triple 

C M C M^G 

where A4 is a von-Neumann factor and G is a group of automorphisms of Ai with inner part 
given by H [NSW]. 

Acknowledgements I thank G. Bohm and K. Szlachanyi for many useful discussions and for 
sharing their knowledge with me. I am also grateful to L. Vainerman for bringing the papers 
[M, V, Ya] to my attention. 

^For a review of the theory of Fourier transformations on finite dimensional Hopf algebras see also [Nl]. 
^possibly deformed by a cocycle 
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